MIRROR SYMMETRY FOR ABELIAN VARIETIES 
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0. Introduction. 

0.1. Wc define the relation of mirror symmetry on the class of pairs (complex abelian variety A + an 
element of the complexified ample cone of A ) and study its properties. More precisely let A be a 
complex abelian variety C% C YSU(R) - the ample cone of A and put 

C% :=NS A (R)±iC%, 

C A :=C+nC A CNS A (C). 
If uja £ Ca we call (A, uja) an algebraic pair. In this work we define the notion of mirror symmetry 
for algebraic pairs . The definition is given below in 0.4.1. Our notion of mirror symmetry is defined 
purely in the language of algebraic geometry and algebraic groups. We explain in 0.9 below that our 
construction is compatible with the pictures of mirror symmetry of Kontsevich [13] (see also [28]) and 
Strominger, Yau, Zaslow [30] (see also [16], [7], [8]). 

0. 2. Let us discuss some properties of this notion. 

1. Not every algebraic pair has a mirror symmetric one (9.5.1), but for "general" abelian varieties A 
and any uja £ Ca the pair [A, uja) does have a symmetric one (9.6.3). Also for any abelian variety 
A there exists uja £ Ca such that the algebraic pair (A, uja) has a mirror symmetric one (9.6.1). 

2. Suppose two algebraic pairs (B,u>b) and (C, ujc) are both mirror symmetric to the same algebraic 
pair (A,uja) then the derived categories of coherent sheaves on B and C are equivalent (as trian- 
gulated categories) (9.2.6). Thus in particular for any algebraic pair (A, uja) there are only finitely 
many isomorphism classes of abelian varieties which are mirror symmetric to (A, uja) (9.2.3). 

Conversely, if some algebraic pairs (B,ujb) and (A, uja) are mirror symmetric and an abelian 
variety C is such that the derived categories of coherent sheaves on C and B are equivalent, then 
there is ujq such that the pairs (C,u>c) and (A, uja) are mirror symmetric too. 

3. Suppose that an algebraic pair (B 7 ujb) is mirror symmetric to the algebraic pair {A, uja)- Starting 
with (A, uja) we cannot construct B, but we can construct the product B x B, where B is the 
dual abelian variety. 

Given an abelian variety A consider its total cohomology H*(A,Q). This space has a "horizontal" 
and "vertical" structures which are discussed below in 0.3. More precisely, H* (A, Q) is acted upon by 
two reductive algebraic Q -groups - the "horizontal" and the "vertical", - and these groups commute. 
The "horizontal" group is the Hodge group or the special Mumford-Tate group (its action preserves 
each cohomology space H k (A,Q) ). The vertical group is defined below in 0.3. 

4. Suppose that a mirror symmetry between algebraic pairs (A, uja) and (B,ujb) is given. Then 
there exists a natural isomorphism 

/3 : H*(A,Z) H*(B,Z) 

such that Pq "interchanges" the horizontal and vertical structures on H*(A,Q) and H*(B,Q) 
respectively (9.3.3). There exists a canonical choice (up to ± ) of such a p. This isomorphism will 
either preserve or switch the parity of the cohomology groups depending on the parity of the dimension 
of A and B. For example, if A and B are elliptic curves then P induces isomorphisms 

P : H X (A, Z) H°(B, 1) © H 2 (B, Z), 
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(3 : H°(A,Z)®H 2 (A,Z) H\B,Z). 

The mirror symmetry works "best" for abelian varieties A which are obtained by a version of the 
G-construction of Gerritzen (section 10). 

5. If the abelian variety A is obtained by the G- construction, then for any ui A € Ca the al- 
gebraic pair (A, uja) has a mirror symmetric pair (B,lub), such that B is also obtained by the 
G-construction. Moreover, in this case we can describe the isomorphism (3 explicitly. Namely, (3 is 
given by an element in H*(A x £>, Z) which is the Chern character of some natural line bundle on a 
certain real subtorus of Ax B of dimension 3n (where n = dim A = dimB). 

0.3. Let us describe the two Q -algebraic groups attached to any abelian variety A, which act on 
the total cohomology H*(A, Q) and commute with each other. 

0.3.1. The first group is the classical Hodge group or the special Mumford-Tate group. Let us recall its 
definition. 

Put r = Ta = Hi(A, Z), V = Jr = Hi(A, K). The complex structure on A induces the operator 
of complex structure J a on V. Consider the homomorphism of algebraic R -groups 

h A : S 1 — ► GL(V), h A (e ie ) = cos(6>) • Id + sin(0) • J A , 

so that /i^(e" r / 2 ) = J a- Then HdgA,q is defined as the smallest Q -algebraic subgroup G of 
GL(i?i(A,Q)) such that /i^S 1 ) C G(l). By functoriality Hdg A ,® acts on i? 1 ^,^) and on the 
total cohomology H*(A, Q) = A H 1 (A, Q). We call this group "horizontal" because it preserves each 
subspace iJ fc (A,Q). 

0.3.2. Perhaps the main point of our work is the consideration of the second ("vertical") algebraic 
group which we view as the mirror image of the Hodge group. This second group is the Zariski closure 
Spin(A) in GL(H*(A,Q)) of a certain discrete subgroup Spin(A) C GL(H*(A,Q)). 

Let D b (A) be the bounded derived category of coherent sheaves on A. Consider its group 
Auteq(D b (A)) of exact autoequi valences. We construct in 4.3 a natural representation 

p A : Auteq(D b (A)) — » GL(H*(A, Z)) 

and denote its image by Spin(A). The elements of Spin(A) act by algebraic correspondences, hence 
commute with the Hodge group and preserve the Hodge verticals (B p - q =fixedH p ' q (A, C). Hence the 
same is true for the algebraic group Spin(A). Let us discuss some properties of the groups Spin(A) 
and Spin(A). 

0.3.3. Let A be the dual abelian variety and be its first homology lattice that can be identified 
with := Hom(i^4,Z). Consider the lattice 

A-.= r A ®r x 

with the canonical bilinear symmetric form 

Q((a,b),(c,d)) = b(c) + d(a). 

Let SO(A,Q) be the corresponding special orthogonal group. Let Spin(A,Q) be the corresponding 
spinorial group. We have the canonical exact sequence 

— ► Z/2Z — > Spin{A, Q) — ► SO(/l, Q). 

Note that the group Spin(A, Q) acts naturally on the total cohomology group AT^ = H*(A, Z). 

For any abelian variety A, there are two representations of Auteq(D b (A)) . One, in H*(A, Z), is 
the representation pa considered above, in (0.3.2). The existence of the other, in A is implied by 
the explicit description of Auteq{D b {A)) given in [24]. In fact, a commutative diagram exists: 

Spin(A) ^ Spin(A, Q) 

I i 

U(A) ^ SO(A,Q) 

where the horizontal arrows are compatible with the actions on H*(A, Z) and A respectively. The 
group U(A) was first introduced independently by S.Mukai [18] and by A.Polishchuk [27], so we call 
it the Mukai-Polishchuk group. 
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Let U(A) C GL(Aq) be the Q— algebraic subgroup which is the Zariski closure of \J(A) in 
GL(Aq). Thus the groups Spin(A) and \J(A) are isogeneous. 

0.3.4. The algebraic groups Spin(A) and U(A) are semisimplc (7.2.1). 

0.3.5. Consider the set Ca = C A U C A C NSa(C) as in 0.1. Both C A and C A can be considered 
as Siegel domains of the first kind: the Lie group U(A)(M) acts naturally on Ca preserving C A and 
C A . Moreover, C A and C A arc single U(A)(M) -orbits and the stabilizer of a point uo G Ca 

is a maximal compact subgroup of the semisimplc Lie group U(^4)(R). Further, for each ut G Ca 
there is a natural choice of an element I w G K u (14) such that 1^ defines a complex structure on 
the space Ar (0.3.3). 

0.4. Now we are ready to give the main definition of mirror symmetry for algebraic pairs. 

Let (A, uoa) be an algebraic pair, Aa = T A ®r^ with the symmetric form Qa as in 0.3.3. Note 
that the Hodge group Hdg Aq = Hdg AxAq is naturally a subgroup of SO(/1a,q, Qa,q)- Moreover, 
it commutes with V(A). Thus we obtain two commuting complex structures on Aa,r ■ ^axa e 
Hdg A q (R) = Hdg AxXq (R) and I UA G U(I)(M). 

0.4.1 Definition. We call algebraic pairs (A, lua) and (B,ll>b) mirror symmetric if there is given an 
isomorphism of lattices 

a : A A A B , 

which identifies the forms Qa and Q b and satisfies the following conditions: 

CtR ■ J a*. A = ' a Ri 
OCR ■ Iuj a = J Bx § ' CtTR. 

0.4.2. Note that if we identify A a and As by means of a then 

HdgAM C U(B), Hdff B ,Q C U(A). 

0.5. Actually we work in a more general context. Namely, we consider weak pairs (A,ua), where A 
is a complex torus and uja = T)i + ir] 2 G NSa (C) is such that r\i is nondegenerate. (Thus an algebraic 
pair is in particular a weak pair.) And we define the notion of mirror symmetry for weak pairs. However 
we prove that if two weak pairs are mirror symmetric and one of them is algebraic then so is the other. 

0.6. For an abclian variety A the algebraic group Spin(A) or rather its Lie algebra has a different 
description. It turns out to be isomorphic (as a Lie subalgebra of qI(H* (A, Q))) to the Neron-Severi 
Lie algebra gNs(A) defined in [15]. 

0.6.1. Let us recall the definition of Qns(X) for a smooth complex projective variety X. If n G 
H 1 ' 1 (X) n H 2 (X, Q) is an ample class, then cupping with it defines an operator e K in the total 
cohomology H*(X) = H*(X,C) of degree 2 and the hard Lcfschctz theorem asserts that for s = 
0, 1, ...,n, e s K maps H n ~ s (X) isomorphically onto H n+s {X). As is well known, this is equivalent 
to the existence of a (unique) operator f K on H*(X) of degree —2 such that the commutator [e K ,f K ] 
is the operator h which on H k (X) is multiplication by k — n. The elements e K , f K , h make up a 
Lie subalgebra g K of gl(H*(X)) isomorphic to sl(2). Define the Neron-Severi Lie algebra Qns{X) 
as the Lie subalgebra of gl(H*(X)) generated by g K 's with n an ample class. This Lie subalgebra 
is defined over Q and is evenly graded by the adjoint action by the semisimple element h. The Lie 
algebra Qns{X) is semisimple. 

0.6.2. Note that the equality 

LieSpin(A) = Qns(A) (*) 

implies one of the standard conjectures of Grothendieck for A. Namely, the algebraicity of the operator 
f K (0.5.1) that has been proved for abelian varieties by Klciman [12]. 

0.6.3. Question. Let A be a smooth complex projective variety. Assume that the canonical sheaf 
Kx is trivial. Does the analogue of (*) hold for X ? 

Note that if Kx or K x 1 is ample then the analogue of (*) cannot hold. Indeed, by a theorem in 
[3] the group Auteq(D b {X)) is then generated by Aut(X), the shift operator [1], and by operators of 
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tensoring with a line bundle on X. Thus (if Aut(X) is trivial) Auteq(D b (X)) is abclian, whereas 
the Lie algebra 0ats(A) is semisimple. 

0.7. Our picture of the mirror symmetry provides an explanation of the phenomenon in Hodge theory, 
which was noticed long ago (see for example p. 68 in [6]). Namely, consider a variation of Hodge structures 
which degenerates along a divisor. Then the logarithm of the monodromy operator has properties which 
are similar to the properties of a Lefschetz operator on the cohomology. But in our construction this 
logarithm of the monodromy is transformed by the mirror symmetry to a Lefschetz operator indeed. 

0.8. A similar picture exists for hyperkahlcr manifolds and will be described in our next paper. 

0.9. Our notion of mirror symmetry for abclian varieties is compatible with other (conjectural) pictures 
of mirror symmetry. We will explain the compatibility with the ideas of Kontsevich [13] on one hand 
and with the T -duality picture of Strominger, Yau and Zaslow [30] on the other hand. 

0.9.1. In [13] Kontsevich proposes the following thesis. If a symplectic manifold (V,co) is mirror 
symmetric to an algebraic variety W, then the Fukaya category F(V,uj) of (V,u>) is equivalent to 
the derived category D b (W) of coherent sheaves on W. This has been proved for elliptic curves in 
[28]. 

Assume that the algebraic pairs (A, u>a) and [B,u>b) are mirror symmetric (0.4.1). Let loa = 
Vi + £ Ca- Then r\2 is a Kahler form on A and in particular (A, 772) is a symplectic manifold. 
(The class r\\ plays the role of a B-field). The Hodge group HgdA,q acts on H\{A) preserving the 
form 772- Hence its arithmetic subgroup 

Hdg A (%) := {.9 £ Hdg A ,q\ g(A A ) C A A } 

acts by symplectomorphisms of the symplectic manifold (A, 772). Thus 

Hdg A (%) C AuteqF(A,r] 2 ). 

But our definition of mirror symmetry implies the natural inclusion of groups 

Hdg A {1) C U(B) 

(0.3.3, 0.4.2), where the group U(B) captures the essential part of AuteqD b (B). Thus we do not 
establish the equivalence of categories F{A 1 rj 2 ) and D b {B) as suggested by Kontsevich, but rather 
compare their groups of autoequivalences. 

0.9.2. Let us show the compatibility with the mirror symmetry proposed in [30] and more specifically in 
[16] (see also [7], [8]). Let algebraic pairs (A,wa) and (B,u>b) be mirror symmetric. Assume that the 
pair (A, uia) is obtained by the G-construction (10.2.1) (this is so for "most" pairs). Then there exists 
a real subtorus T C A x B of dimension in ( n = dime A = dime B ) with the following property: 
The fibres of the projection of T onto B (rcsp. A ) are special Lagrangian subtori of A (rcsp. B ) 
of dimension n (10.3.2, 10.7). The existence of such a correspondence is part of the "geometric mirror 
symmetry" of Morrison (Definition 4 in [16]). Moreover, there is a natural complex line bundle L on 
T such that its Chern class c\(L) considered as an element in H*(A x B) ~ Hom{H*(A), H*(B)) 
is the isomorphism (3 mentioned in 0.2. 

0.10. Let us briefly discuss the contents of each section. 

Section 1 contains some background material on abelian varieties and complex tori. In section 2 we 
recall the Hodge group of a complex torus and its basic properties. Section 3 contains a review of the 
Clifford algebra (of a certain quadratic form which we define there) and its spinorial representation. 
This Clifford algebra plays the key role in the definition of the isomorphism (3 discussed in 0.2. 

Section 4 is devoted to the bounded derived category D b (X) of coherent sheaves on a smooth pro- 
jective variety X. We define the group Auteq{D b {X)) of autoequivalences of D b (X) and construct 
a canonical representation 

p x : Auteq(D b (X)) — > GL(H*(X, Q)). 
We then show that if X = A is an abelian variety then ImpA C GL(H*(A, Z)). The Mukai-Polishchuk 
group is introduced and then the main effort is applied to prove the commutativity of the diagram in 
0.3.3 (see Proposition 4.3.7). 

In section 5 we discuss various Q -algebraic subgroups of GL(H\(A x A, Q)), which enter the 
picture of mirror symmetry. In particular we recall the algebraic group U^q which was introduced 
by A. Polishchuk and present his result on the group of R -points of Ua,q- This group U^q is 
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closely related to the algebraic groups Spin(A) and U(A). Namely, the semisimple group U(A) is 
a subgroup of the reductive group \Ja,q which consists (up to isogeny) of all noncompact factors of 
Ua,q (7.2.1). 

In section 6 we recall the Neron-Severi Lie algebra Qns(X) of a smooth projective variety X 
and describe Qns(A) for an abelian variety A following [15]. Then in section 7 we establish the 
relationship between this Lie algebra and the group Auteq(D b (A)) . 

In section 8 we define a natural action of the Lie group Ua,q(R) on the Siegel domain C\ (and 
). We then show that this action is transitive and the stabilizer of a point is a maximal compact 
subgroup of Ua,q(R)- To each uj G Ca we associate a natural element J w G Ua,q(R), which is the 
main ingredient in the definition of mirror symmetry. 

Finally, in section 9 we define the notion of mirror symmetry for complex tori and abelian varieties 
and study its properties. 

Section 10 contains a variant of the G-construction and its relations with the mirror symmetry. 

0. 10. It is our pleasure to thank Joseph Bernstein, Alexei Bondal, Yuri Manin, Andrei Tyurin and Yuri 
Zarhin for useful discussions. We also were inspired by the pleasant atmosphere at the Moscow Steklov 
Institute, the Moscow Independent University, and cafe houses on the Old Arbat street. 

1. Some preliminaries on complex tori and abelian varieties. 

1.1. Let r^Z 2n be a lattice, V = T ® M = K 2 ™ and J G End(V), s.t. J 2 = — 1. That is J is 
a complex structure on V. This way we obtain an n -dimensional complex torus 

A = (v/r,j). 

Note the canonical isomorphisms 

r = H 1 (A,Z), V = H 1 (A,R). 

Sometimes we will add the subscript "A" to the symbols r, V, J. 

Given another complex torus B = (Vb/Tb, Jb), the group Hom(A, B) consists of homomorphisms 
/ : — » rs such that 

Jb • /r = fm • J a -Va — ► Vb ■ 
Thus the abelian group Hom(^4, B) can be considered as a subgroup of Hom(i^4, Jb). 

1.2. One has the dual torus A defined as follows. Put r* = Hom z (r, Z), V* = r* ®K = Hom(V, M) 
and J:V*^V*, s.t. (Jw)(v) = w(-Jv) for v G V, w G V* . Then by definition 

a= (v*/r*,j). 

1.3. Denote by Pic^ the Picard group of A. Let Pic^ C Pic^ be the subgroup of line bundles with 
the trivial Chern class. It has a natural structure of a complex torus. Moreover, there exists a natural 
isomorphism of complex tori 

l^Pic A . 

Every line bundle L on A defines a morphism tpi, : A — ► A by the formula 

<p L (a) =T:L®L- 1 . 

(Here T a : A — > A is the translation by a. ) We have ipi, = iff L G Pic^ and (p^ is an isogeny if 
L is ample. Thus the correspondence L i— ► ip L identifies the Neron-Severi group NSa '■= Pic^/Pic^ 
as a subgroup in Hom(A, A). Also NSa is naturally a subgroup of H 2 (A,Z) : to a line bundle L 
there corresponds its first Chern class that can be considered as a skew-symmetric bilinear form on r. 
Put c\(L) = c. Then the morphism (pL is given by the map 

We will identify NSa either as a subgroup of Hom(A,A) or Hom(r 4 ,r^) or as a set of (integral) 
skew-symmetric forms c on such that the extension cr on Va is J -invariant. Put NSa(^) = 
NSa <S> K- We will denote by NSa(^)° C NSa(&) the subset consisting of nondegenerate forms. 

1.4. There is a unique line bundle Pa on the product A x A such that 
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i) for any point a E A its restriction P a on Ax {a} represents an element of Pic^, corre- 
sponding to a with respect to the fixed isomorphism Pic^ = A; 

ii) the restriction -P|{ } Xj 4 * s trivial. 
Such Pa is called Poincare line bundle. 

Given a morphism of complex tori / : A —>■ B, the dual morphism / : B — > A, is defined. 
Pointwise, for a E A and (3 E B one has f([3) = a if and only if the line bundle f*Pp on A 
coincides with P a . 

The double dual torus A is naturally identified with A by means of the Poincare line bundle on 

A x A and A x A. In other words, there exists a unique isomorphism ka ■ A — > A such that under 

the isomorphism 1 x ka ■ A x A -^-> Ax A the Poincare line bundle pulls back to the Poincare line 
bundle: (1 x k a )*P^ = P A . 

Thus ^ is an antiinvolution on the category of complex tori, i.e. a contravariant functor whose square 
is isomorphic to the identity: k : Id It is known that tpi, = Lp L for any L E Vic a (see next 
remarks). 

1.5 Remark. Let A be a complex torus. Consider the Poincare line bundles P A and Pj on Ax A 

and Ax A respectively. Choose a basis h,...,h n 01 F A and the dual basis Z*,..., l\ n of r A = T A 

(1.2). Let /**,...,/|* be the basis of F-x = F~ dual to Z*,...,/^- The isomorphism k a : A ^ A 
induces an identification of r and F^ that takes L to — Z** (!), due to the fact that the forms 

A A 

C\{P A ) and Ci(Pj) are skew-symmetric. 

1.6 Remark. Let f : A —> B be a morphism of complex tori and f : A ^ B be the dual morphism 
Choose basises h,...,hn 1 mi,...,W2n for F4, Is and the dual basises I1,...,l^ n , m*,...,m2 n 
for Fj, Fg. Denote by F and F the matrices of linear maps / : r A — > Fs and / : Fg — > 

in these basises. The matrices F and F are transposes of each other, i.e. F = F*. 

Now, let / : A — ► A. Using the isomorphism k, we will consider / as morphism form A to 
A too. If, as above, F and F are the matrices of linear maps /, / : F A — » Fj, then they are 
skew-transposes of each other, i.e. F = — F*. This immediately follows from the previous remark. 

Thus, in particular, 0l = ¥l for any L E Pic^. 

1.7. A complex torus A = (V/r,J) is algebraic, i.e. an abelian variety, iff there exists c E NSa 
such that the symmetric bilinear form cr(J-,-) on V is positive definite. 

For the rest of this section 1 we assume that A is an abelian variety. 

The endomorphism ring End(^4) is a finitely generated Z module, and we denote , as usual, 
End°(^4) := End(^4)(g)Q. By the Poincare reducibility theorem the variety A is isogeneous to a product 
of simple abelian varieties. So End (A) is a semisimple finite Q -algebra. Put Fa : q = F4 <g> Q. 

Let L E Pica be ample. Then the induced map 

is an isomorphism. The map 

' :End°(A) ^ End°(A), a^^-a^L 
is a positive (anti-)involution of End (A) called the Rosati involution. 

1.8. Assume that A is simple, so that End°(A) is a division algebra. Finite division Q -algebras 
with positive involutions were classified by Albert. Below is his classification which consists of four 
cases. 

Let us introduce some notation. Put F = End (A) , K - the center of F. Fix a Rosati involution 
' of F. The involution that it induces on K is independent of ' : for any embedding of K in 
C it is given by complex conjugation. The fixed subfield K = K' is totally real. Put [F : K] — 
d 2 ,[K :Q] = e . 

I. The case of totally real multiplication. 
Here F = K = K . 
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II. The case of totally indefinite quaternion multiplication. 

Here K = Kq and F is a Kq -form of M(2) : there is an R -algebra isomorphism F ®q 
R = M(2,R) eo such that the involution corresponds to the transpose in every summand. 

III. The case of totally definite quaternion multiplication. 

Here also K = Kq and F is a Kq -form of the quaternion algebra H over Kq : there 
is an R -algebra isomorphism F Cg)Q R = H e ° such that the involution corresponds to the 
quaternion conjugation in every summand. 

IV. The case of totally complex multiplication. 

The field K has no real embedding (so is a totally imaginary quadratic extension of Kq ) and 
F is a K -form of M(d) : there is an R -algebra isomorphism F <x>q R = M(d, C) e ° such 
that the involution corresponds to the conjugate transpose in every summand. 



2. The Hodge group HdgA,Q- 

2.1. Let A = (V/r, J) be a complex torus. Consider the homomorphism of algebraic R -groups 

h A : S 1 — ► GL(V), h A (e ie ) = cos(0) • Id + sin(0) • J, 

so that h.A(e l7T ^ 2 ) = J- This defines a representation of S 1 on the exterior algebra A'Hi(A, R), hence 
on the total (co-)homology of A. Decomposing the representation of S 1 on the k-th cohomology space 
with respect to the characters of S 1 

S 1 >C*, e t6 ^e^ q -^ 9 , p + q = k, 

we get the usual Hodge decomposition 

H k {A,C) = H p - q {A,C) 

p+q=k 

2.2 Definition. The Hodge group (or special Mumford-Tate group) HdgA,q of A is defined as a 
minimal algebraic Q -subgroup G of GL(Hi(A, Q)) such that ^(S 1 ) C G(K). 

The group HdgA,Q acts naturally on the homology Hk(A,Q) and the cohomology H k (A, Q). 

It is clear that Hdg A ,q acts trivially on the Hodge spaces H"'P(A, Q) := H™(A, C) n H 2 p(A, Q). 

Consider the dual torus A. We have canonical identifications 

Hd 9 A ,Q = Hd 9X,q = Hd 9 A xA,Q- 
The representation of Hdg A( j on -T^q is the contragradient of its representation on -Ta.Q- De- 
pending upon a context, we will view HdgA,q as a subgroup of GL(_r 4Q ) or GL(r^ J j) or 

GL(r AiQ eix Q ). 

2.3. The following facts about HdgA,q are known (see [20], [4]). 
2.3.1 Theorem. Assume that A is an abelian variety. 

a) HdgA,q is a connected reductive algebraic Q -group. 

b) Ha{— 1) is in the center of HdgA,Q- 

c) The involution Ad(hA(i)) on HdgA,q(^)° is a Cartan involution, i.e. its fixed subgroup is a 
maximal compact subgroup K of HdgA,q(^.)° ■ 

d) The symmetric space HdgA,q(JS.)° / K is of hermitian type. 

e) The reductive group HdgA,Q has no simple factors of exceptional type. 



3. The Clifford algebra and the spinor representation. 

3.1. Fix a lattice r = l? n for some n > 1. (In the future applications r will be Ta for a complex 
torus A ) . Put A = r © r* with the canonical symmetric bilinear form Q : A x A — > Z defined by 

Q((a 1 ,b 1 ),(a 2 ,b 2 )) = h(a 2 ) +b 2 (a 1 ). 

This form is even and unimodular. Moreover, Q ~ U 2n , where U — (? J) • 
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Consider the Clifford algebra Cl(A, Q) defined as follows 

Cl(A, Q) := T{A)/ <x®x = ^Q(x, x) >, 
where T(A) is the tensor algebra of the lattice A. 

3.2. Choose a basis h,...,l2n of T and the dual basis xi,...,X2n of T* . Let I C Cl(A,Q) be 
the left ideal generated by the product 1 := l\ ■ ■ -Z 2 „. The left multiplication in Cl(A, Q) defines a 
homomorphism of algebras 

a : Cl(A, Q) — ► End z (7). 

3.2.1 Proposition. 

a) Cl(A,Q) is a free abelian group of rank 2 4 " with the basis consisting of monomials 

x ji'" x jih 1 '"h k , l<k,s<2n, ii < ■■■ <ik,ji < ■■■ <j a - 
In particular, A is naturally a subgroup of Cl(A,Q). 

b) Cl(A,Q) is a Z 2 -graded algebra, Cl(A,Q) = Cl+(A,Q) © Cl~ (A,Q), where Cl+(A,Q) 
(resp. Cl~(A,Q) ) is the span of monomials with even (resp. odd) number of elements. 
Cl + (A,Q) is a subalgebra of Cl(A,Q). 

c) The ideal I is independent of the choice of the basis ?i,...,Z 2tj °.f H\{A,Wt). 

d) The ideal I has a Z -basis consisting of the monomials 

x n • ' ' x oM ■ ■ -hn, 1 < s < 2n, ji < ■ ■ ■ < j 3 . 
Hence I = A T* as abelian groups. 

e) The homomorphism a : Cl(A,Q) — ► Endz(J) is an isomorphism, hence Cl(A,Q) = 
M 2 2„(Z). 

Proof. Assertions a), b) are standard and easy 

c) is obvious since U , lj anticommute for i ^ j. 

d) follows from a). 

Let us prove e). Since Cl(A, Q) and Endz(7) arc both free Z -modules of rank 2 4 ™ it suffices to 
prove that a is a surjection. For a subset p = i^} C [1, 2n], ii < ... < ik, denote by \ p (resp. 

x p ) the ordered monomial ■ ■ ■ U k (resp. x^ ■ ■ ■ Xi k ). Let p' = [1, 2n] — p be the complementary 
set. One immediately checks that for subsets p,h,m C [1, 2n] 

( ±x h l if p = m \ 
X/l lx p ,(x ro l) = | Q otherw . se j, 

where 1 = l\ ■ ■ ■ lm- This implies the surjectivity of a in view of d) above (see also [1]). □ 

3.3 Corollary. Let /l = Mi©M 2 be a decomposition such that Mi,M 2 are (maximal) Q -isotropic 
sublattices. Let mi,...,m2 n be a basis of Mi, m = m\---rn2 n an d I' — Cl(A,Q)m be the 
corresponding left ideal. There exists a unique (up to ±1 ) isomorphism of left Cl(A,Q) - modules I 
and I'. 

PROOF. The form Q identifies M 2 with the dual M* of Mi. Moreover, the form Q' on A = 
Mi © M* defined by 

<2'((mi,ni), (m 2 ,n 2 )) = ni(m 2 ) + n 2 (mi) 
coincides with Q, hence gives rise to the same Clifford algebra. Therefore we may apply the previous 
proposition (parts d),e)) to the ideal /' instead of /. Since Endz(I) = Cl(A, Q) = Endz(I') there 
exists a unique (up to a sign) isomorphism 1 = 1' of left Cl(A, Q) -modules. This proves the corollary. 

3.4. Let us recall the spinorial group of the Clifford algebra. 

There exists a unique involution ' on Cl(A, Q) that is the identity on A. In terms of the monomial 
basis as in Proposition 3.2.1a) it is defined by rule 

i X jl ' ' ' X js^il 'hie) = h k hi x j s ' " ' x ji 

3.4.1 Definition. The spinorial group Spin(A,Q) is the multiplicative subgroup of such elements z 
in Cl+(A,Q) that 

(1) zAz~ 1 =A, 

(2) N(z) := zz' = 1. 
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3.4.2 Proposition. For z e Spin(A, Q) denote by r z the conjugation by z restricted to A. Then 
r z E SO{A 1 Q). The kernel of the map r = { 1,-1 }. In other words, there is an exact sequence 

Z/2Z Spin(A, Q) -> SO(A, Q). 

Proof. Sec [25]. 

3.5. Let us extend the scalars from Z to Q. That is we consider Tq, Aq, Qq, SO(/1q,Qq), 
etc. The conditions 1, 2 in the Definition 3.4.1 above define a Q -algebraic group Spinq(Aq, Qq). 
The map r as in Proposition 3.4.2 induces an exact sequence of Q -algebraic groups ([25]) 

— ► Z/2Z — ► Spin Q (A Q ,Q Q ) — > SO{A®, Qq) — » 1. 

3.5.1. Since S^itiq^q, Qq) is a subgroup of the multiplicative group CI + (Aq, Qq)*, it acts on 
the space Iq (3.2). This is called the spinorial representation of the group Spinq(Aq,Qq). It is a 
direct sum of two (nonequivalent) irreducible semispinorial representations Iq = Iq © Iq Ld , where 
Iq (resp. Iq d ) is the direct sum of monomials Xj 1 ■ ■ -Xjji ■ ■ ■ l 2n with s even (resp. odd) (3.2.1 
d)). We have a similar Spinq(Aq, Qq) - decomposition Iq — Iq ev © Iq odd (3.3). The isomorphism of 

Cl(A,Q) -modules [3:1^1' induces an isomorphism of Spinq(Aq,Qq) -modules Pq : Iq ^ Iq. 
Thus 

a . jev ~ j'ev rev ~ j odd 

Pq ■ iq —> iq , iq — > iq 

or 

a . jev ~ j' odd jev ~ j ev 

Pq ■ iq ^ iq , iq — > . 

3.5.2 Corollary. 77ie isomorphism of Cl(A,Q) - modules [3 : I I' (3.3) satisfies 

/3(/ 6V ) j' ev f3(I° dd ) odd 

or 

(3(I ev ) = l' odd , (3(I odd ) = l' ev 

3.5.3 Definition. We call (3 even (resp. odd) if (3(I ev ) = l' ev (resp. (3(I ev = l' odd ) ). 

3.5.4 Proposition. The isomorphism (3 is even (resp. odd) if din\q(rqC\ M\q) is even (resp. odd). 

PROOF. Let d = dimq(rq n M\q). Consider the obvious Q -versions of 3.2.1 and 3.3. We may 
assume that l\ = mi, Id = m^. Put m' := nid+i • ■ ■ m 2n . Then the right multiplication R m > by 
m' induces an isomorphism R m > : Iq Iq of left Cl(Aq,Qq) -modules. Hence R m ' is a scalar 
multiple of (3q. But R m >(l) = ld+i ■ • -Z2n m '- Hence the parity of (3 is equal to the parity of d. 
This proves the proposition. □ 

3.6 Remark. In the notations of 3.2 the choice of a basis x\, ...xm of T induces an isomorphism of 
abelian groups 

/ = AT* 

(see Prop. 3.2.1 d)). A different choice of a basis of T may change this isomorphism by — 1. Thus we 
get a canonical left Cl(A, Q) -module structure on AT*. Similarly in the notation of Corollary 3.3 
the group yl'M 2 is canonically a left Cl(A, Q) -module. Moreover, this corollary asserts that there 
exists a unique (up to ±1 ) isomorphism of Cl(A, Q) -modules 

AT* ^ A Mi. 

3.6.1. More generally, we can introduce the following equivalence relation ~ on the set of maximal 
Qq -isotropic subspaces of Aq. Namely, let L C Aq be a maximal isotropic subspace. Then the 
Q -versions of 3.2.1 and 3.6 provide a canonical Cl(Aq, Qq) -module structure on the exterior algebra 
AL* of the dual space L*. Given two maximal isotropic subspaces L\, L 2 we get a unique (up 
to a scalar) isomorphism (3q : AL\ AL\ of CZ(t1q,Qq) -modules (by the Q -version of 3.3). 
We say that L x - L 2 if dim(Li n L 2 ) is even. Then by 3.5.4 L 1 - L 2 iff f3q(A ev ' L\) = A ev L* 2 . 
Thus ~ is indeed an equivalence relation, which divides the set of maximal isotropic subspaces into 
two equivalence classes. 
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3.7. We will be interested in the following situation. Let A be a complex torus. Put r = r^, 
r* = r^, Aa = r A © with the symmetric bilinear form Qa on Aa as in 3.1. Then by 
Remark 3.4 above AT- is naturally a CI(Aa,Qa) -module. Note the canonical isomorphisms = 
Hi (A, Z) = H 1 (A, Z). Thus the total cohomology of A AH X (A,X) = H*(A,Z) is naturally a 
CI(Aa,Qa) -module. 

Assume that B is another complex torus and there exists an isomorphism 

a : A A —> A B 

which identifies the forms Qa and Q B . Let us identify 

A A = A = A B , Q a = Q = Qb 

Cl(A A , Q A ) = Cl(A, Q) = Cl(A B , Q B ) 

by means of a. Then by Remark 3.6 there exists a unique (up to ±1 ) isomorphism of Cl(A, Q) - 
modules 

P : H*(A,Z) -^-> H*(B,Z). 

By Corollary 3.5.2 this isomorphism either preserves even and odd cohomology groups or interchanges 
them. By Proposition 3.5.4 the parity of [3 (3.5.3) is equal to the parity of the dimension dimQ^^QiH 

r B ,q). 



4. Derived categories and their groups of autoequivalences. 
4.1 Categories of coherent sheaves and functors between them. 

4.1.1. Let X be an algebraic variety over an arbitrary field k. By Ox denote the structure sheaf 
on X. Let coh(X) (resp. Qcoh(X) ) be the category of (quasi)-coherent sheaves on X. Recall 
that a quasicoherent (coherent) sheaf is a sheaf of Ox -modules, which locally on X has a (finite) 
presentation by free Ox -modules. 

It is more convenient to work with derived categories instead of abelian categories. Let us denote by 
D b (X) the bounded derived category of coh(X). 

Any derived category V has a structure of a triangulated category. This means that there are fixed 

a) a translation functor [1] : T> — > V that is an additive autoequivalence, 

b) a class of distinguished (or exact) triangles: 

X JUZ-^X[1] 

that satisfies a certain set of axioms (sec [29] ) . 

An additive functor F : V — > V between two triangulated categories is called exact if it commutes 
with the translation functors, and it takes every distinguished triangle in T> to a distinguished triangle 
in V. 

A natural example of an exact functor is related to a map of algebraic varieties. Every such map 
/ : X — > Y induces the functor of direct image /* : Qcoh(X) — > Qcoh(Y). Since a category Qcoh(X) 
has enough injectives there exists the right derived functor R/„ : D b (Qcoh(X)) — > D b (Qcoh(Y)). 
This gives us an example of exact functor between derived categories. If the map / is proper then for 
any i the functor R 1 /* takes a coherent sheaf to a coherent one. It is known that D b (coh(X)) is 
equivalent to the full subcategory D b (Qcoh(X)) co h C D b (Qcoh(X)) objects of which have coherent 
cohomologies. Hence any proper map / induces the exact functor R/» : D b (coh(X)) — ► D b (coh(Y)). 
Further, the functor /* has a left adjoint functor f*:coh(Y) — > coh(X). If the map / has finite 
Tor-dimension, then there exists a left derived functor L/* : D b (coh(Y)) — ► D b (coh(X)), which is 
left adjoint for R/». This is another example of an exact functor, (see [9], [2] Ex. I, II, III). 

4.1.2. From now on we will assume that all varieties are smooth and projective and will denote 
D b (coh(X)) by D b (X). In this case every map / : X -> Y induces the functors R/„ : D b (X) — > 
D b (Y) and L/* : D b (Y) — ► D b {X). Also each complex T G D b (X) induces an exact functor 



L 



T : D b (X) — ► D b {X). Using these functors one can introduce a larger class of exact functors. 



MIRROR SYMMETRY FOR ABELIAN VARIETIES 



11 



Let X and Y be smooth projective varieties of dimension n and m respectively. Consider the 
projections 

X X x Y Y 

Every object £ G D b (X x Y) defines an exact functor $ £ : D b (X) — ► D b (Y) by the following 
formula: 

(1) $ £ (-):=R«„(£®P*(-))- 

Obviously, the same object defines another functor : D h (Y) — ► D b (X) by the similar formula 

*£(•) :=Rp*(£ I </*(•))■ 

The functor <f>£ has left and right adjoint functors and $g respectively, defined by the rule: 

Here and Ky are the canonical sheaves on X and Y~ respectively, and £ v is notation for 

R2iom(£,0xxy). 

4.1.2.1 Example. Let / : X — > Y be a morphism of varieties. Denote by r(f) a subvariety of 
X x Y that is the graph of /. It is clear that the functor R/* : D b (X) — ► D b (y) is isomorphic 
to <&o r(/) , where 0r(/) is the structure sheaf of the graph -T(/). In the same way the functor 
Lf* : D b (Y) — > D b (X) is isomorphic to *o r(/r 

4.1.2.2 Example. Let 5: A^IxI be the embedding of the diagonal. First, since the A is 
the graph of the identity morphism the identity functor from the derived category D (X) to itself is 

L 

represented by the structure sheaf Oa- Moreover, for any object T G D b (X) the functor <x> T : 
D b (X) — > D b (X) is isomorphic to $5,^ 

4.1.2.3. Thus there is a reasonably large class of exact functors between derived categories of smooth 
projective varieties that consists of functors having the form $£ for some complex £ on the product. 
This class is closed under composition of functors. Actually, let X, Y, Z be three (smooth projective) 
varieties and let 

$/ : D b (X) — ► D b (Y), $,/ : D b {Y) — ► D b (Z) 
be two functors, where / and J are objects of D b (X x Y) and D b (Y x Z) respectively. Denote 
by Pxy,Pyz,Pxz the projections of X x Y x Z on the corresponding pair of factors. 

4.1.2.4 Lemma.[17] In above notations, the composition $,/ o $/ is isomorphic to where Ke 

D b (X x Z) is given by the formula: 

K ^R Pxz *(p YZ (J) ®p* XY (I)) 



Presumably, the class of exact functors described above embraces all exact functors between bounded 
derived categories of coherent sheaves on smooth projective varieties. We do not know if it is true or 
not. However it is definitely true for exact equivalences. 

4.1.2.5 Theorem. ([23]) Let X and Y be smooth projective varieties. Suppose F : D b (X) 
D b {Y) is an exact equivalence. Then there exists a unique (up to an isomorphism) object £ G 
D b (XxY) such that the functors F and are isomorphic. 

4.1.2.6 Definition. The group of isomorphism classes of exact equivalences F : D b (X) D b (X) 
is called the group of autoequivalences of D b (X) and is denoted by Auteq(D b (X)). 

4.1.3. Assume for simplicity that k = C. Analogously to derived categories and functors between 
them one can consider cohomologies and maps between them. The latter is much simpler. 
For every element £ e H * (X x Y, Q) let us define linear maps 

v s : H*(X, Q) — ► H*(Y, Q), : H*(Y,Q) — > H*(X,Q) 

by the formula : 

(3) «*(•)= «fc(£Llp*(-)), wt(-)=p.(£Uq*(-)). 
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It follows from the Kiinncth formula that any linear map between cohomologies have this form for some 

The composition formula for cohomological correspondence is well-known and is similar to the compo- 
sition of functors. Let as above X,Y,Z be three varieties and let £ and n be elements of H*(XxY) 
and H*(Y x Z) respectively. 

4.1.3.1 Lemma. The composition v n o v% is isomorphic to vq, where ( G H*(X x Z) is given by 
the formula: 

( =Pxz*(p Y z(v) [ ->P*xy(0)- 

4.1.4. There is a natural correspondence that attaches to a functor : D b (X) — ► D b (Y) a 
linear map of vector spaces <\>£ : H* (X, Q) — > H* (Y, Q) . To describe it note that each exact functor 
F : D b (X) — ► D b (Y) induces a homomorphism F : K(X) — ► K(Y), where K(X) and K(Y) 
are the Grothcndicck groups of the categories D b (X) and D b (Y). On the other side, there is a map 

ch : K(X) — ► H*(X,Q) 

that is called the Chern character. The map ch is a ring homomorphism, if to recall that K(X) and 
H* (X, Q) are endowed with multiplications induced by ® -product and U -product respectively. 

4.1.4.1 Definition. For every object £ G D b (X x Y) put 

(4) 4>s{-) ■= v ch ( £ )up*(tdx)(-) = q*( ch ( £ ) up*(td x ) u ]>*(•)), 

1 ' #(•) := w ch(e)Uq . (tdY) (-) = p*(ch(£) U q*(td Y ) U «*(•)), 

where tdx and tdy are the Todd classes of X and Y. 

4.1.4.2 Lemma. For given £ G D b (X x Y) the following diagram 

K{X) ^ K(Y) 
H*{X,Q) ^ H*{Y,Q) 

is commutative. 

4.1.4.3 Lemma. Assume that a functor : D b (X) — > D b (Z) is isomorphic to $,/ o for some 

$/ : D b (X) — > D b (Y), $./ : D b (Y) — > D b (Z). 
Then <pK = <P-J <Pi- Consequently, the correspondence $g <p £ induces a representation 

Px : Auteq(D b (X)) — > GL(H*(X, Q)). 
Both lemmas immediately follows from the Riemann-Roch-Grothendieck theorem. 

4.1.4.4 Example. Let / : X — >■ Y be a morphism. The functors L/* = $ Cr(/) and R/* = &o r(f) 
give the maps i>o rU) an d <Po rif) between cohomologies. Also the morphism / induces the map: 
/* : H l (Y, Q) — ► iTpf , Q). It can be checked that 

1>o nf) = /*■ 

On the other side, there is a map of homologies: /* : Hi(X, Q) — ► #i(Y, Q). Using the Poincare iso- 
morphism H 2n ^ t (X, Q) = Hi(X, Q), the map /* can be considered as a map between cohomologies: 
/* : H 2n ~ l (X, Q) — > H 2m ~ l (Y, <Q>). In this case <fio rU) does not coincide with /*, but they are 
connected by the following relation: 

0o r(/) (») U tdy = /.(a; U td x ) 
In particular, if tdx = tdy = 1, then these maps coincide. 

4.1.4.5 Example. Let as in Example 4.1.2.2 J: A^XxX be an embedding of the diagonal. For 

L 

any T G D (X) a functor ® .F is isomorphic to $5^. Since ch is a ring homomorphism Lemma 
AAA. 2 implies that 

^(•) = (-)Uc/i(f). 

4.1.5. For any variety X the group Auteq(D b (X)) contains a subgroup G(X) = (Z x Pic(X)) x 
Aut(X) that is the semi-direct product of the normal subroup (Z x Pic(X)) and Aut(X) naturally 
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acting on the former. Under the inclusion G(X) C Auteq(D b (X)) the generator of Z goes to 
the translation functor [1], a line bundle C G Pic(A) maps to the functor ®£ = &s t c and an 
automorphism / : X — > X induces the autoequivalence R/* = < &o r(/) • 

4.1.5.1 Lemma. In the above notation px([l}) = — IdH*(x,Q) an d Px{®£) — Dch(C). 

The proof follows from the Example 4.1.4.5 above and the equality ch(E[V\) = —ch(E). 
4.1.6. Now let us show that any equivalence <f>£ : D b (X) -^-> D b (Y) defines a functor between derived 
categories of coherent sheaves on X x X and Y x Y, which will be called adjoined. Consider two 
functors 

$g : D b (X) — >D b {Y), ^jr : D b (Y) — >D b {X), 

where £ and T are objects of D b (XxY). By T M £ denote the object p* 3 (.F) <8> p2i{£) from 
D b (X x X x Y x Y ) , which is called the external tensor product of £ and J 7 . It defines the functor 

Qjwe : D b (X x X) — > £ b (y x K). 

Let us take an object 5eD k (IxI) and denote $ fflf (5) £ fl'^ x 7) by W for short. These 
two objects define the functors 

$ g : D b (X) — ► D b (X), <S> n : D b (Y) — ► D b (Y). 

4.1.6.1 Lemma. In above notation, there is an isomorphism of functors $^ = ^£^g^jr. 
This follows from Lemma 4.1.2.4. □ 

4.1.6.2 Lemma. If <f>£ and ^jr are equivalences, then the functor $fss is an equivalence too. 
The proof is straightforward (see for example [24] ) . 

4.1.6.3 Definition. Assume that : D b (A) — ► D b (B) is an equivalence and = In this 
case the functor Q^me and the map (f>jr^g will be denoted by Adg and by adg respectively. 

Thus any exact equivalence $g : D b (X) D b (Y) defines an exact equivalence Adg : 

D b (X x A") — » D b (Y x Y) such that , by Lemma 4.1.6.1, there is an isomorphism: 

(5) $Ad £ (S) = QeGgQe 1 - 



4.2 Category of coherent sheaves on an abelian variety. 

4.2.1. Let A be an abelian variety of dimension n over C. Denote by m : A x A — > A the 
multiplication morphism. For any point aeA by T a denote the translation automorphism m(-,a): 
A^A.^ 

Let A be dual abelian variety (1.2). It is canonically isomorphic to Pic°(A) (1.3). It is well-known 
that there is a unique line bundle P on the product A x A such that for any point aeA the 
restriction P a on Ax {a} represents an element of Pic A, corresponding to a and , in addition, 

the restriction P _ should be trivial. Such P is called Poincarc line bundle (1.4). As in 1.4, 1.5 

{0}xA 

we identify A with A using the Poincare line bundles on A x A and Ax A. 

4.2.2. The Poincare line bundle gives an example of an exact equivalence between derived categories of 
coherent sheaves of two non-isomorphic varieties. Let us consider the projections 

A Ax A -!U A 

and the functor $ P : D b (A) — > D b (A), defined as in 4.1.2, i.e. $ P (-) = Rq*(P ® p*(-j). 
The following proposition was proved by Mukai. 

4.2.2.1 Proposition. ([17]) Let P be an Poincare line bundle on A x A. Then the functor $p : 
D b (A) — ► D b ( A) is an exact equivalence, and there is an isomorphism of functors: 

*po$ P s (-urn 

where (—1a) is the inverse map on the group A. 
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4.2.3. Let xi,...,X2 n be a basis of iJ 1 (^4,Z). Let h,..-,l2n be the dual basis of H 1 (A,Z,). It is 
clear that p*(xi), ...,p*(x2 n ), Q*{h), Q*{hn) is a basis of H 1 (AxA,Z). 

4.2.3.1 Lemma. ([19]) The first Chern class of the Poincare line bundle P on Ax A satisfies the 
equality: 

2n 

(6) Cl (P) = J2p*(xi)Uq*(h)- 

i=l 

Now consider the map (j> P : H*(A, Q) — ► H*(A, Q), given by formula (4). 

4.2.3.2 Lemma. For any k the map <p P sends k -th cohomology to (2n — k) -th cohomology and 
induces isomorphisms 

H k (A,Z) H 2n - k {A,Z), 
under which a monomial x^ U • • • U x ik goes to (—l) e lj 1 U • • • U lj 2n _ k , where (ji < ■ ■ ■ < J2n-k) * s 
the complement of {i\ < ■ ■ ■ < ik) in the set (1, 2n), and e — J2 t jt- 

PROOF. Take a<EH k (A,Z). Since ch(P) = exp(ci(P)) and Ci(P) has the form (6), we obtain 

P (a) = ^(^(P) Up») - (2ra ^_ fc) , g.( Cl (P) 2 "- fc Up*( a )) 
This implies that </>p sends k -th cohomology to (2n — k) -th. Moreover, it is easy to see that 

l< ci( - p y= 2 p*fo.U---Ua; J -JUg*& 1 U-"UJ J -J 

ii<-<j> 

Substituting this expression in previous formula, we get 

4> P {x n U • • • U x ik ) = q*p*(x n U • • • U x tk U a; j2n _ fe U • • • U x h ) U l h U • • • U l hn _ k = 

(-iyq*p*( Xl U • • • U X2n) ui^u-u ^ 2n _ fe = (-1)% u • • • u Z ja „_ fc 

where (ji < • • • < 32n-k) is the complement of (i\ < ■ ■ ■ < ik), and £ = ^2 t jt- The monomials 
a;^ U • • • U Xi k and lj 1 U • • • U lj 2n _ k form basises of H k (A,Z) and H 2n ~ k (A, Z) respectively. Hence 
the map </>p gives an isomorphism between these lattices. □ 

4.2.4. For any point (a, a) e Ax A one can introduces a functor from D b {A) to itself, defined by 
the rule: 

(7) $ (0 , a) (.):=T *(.)®Pa. 

A functor 3>( a ,a) is represented by a sheaf Sr a>a ) = C-T a ^PsK-fa) on ^ x A where P a is the 
graph of the automorphism T a : A — ► A. It is clear that the functor $( a ,a) is an equivalence. Since 
an automorphism T a acts identically on the cohomology group and ch(P a ) — 1 the functors 3>( a ,a) 
belongs to kernel of the homomorphism p (4.1, 4.3). 

The set of the functors $( a ,a), parametrized by A x A, can be unified in one functor from 
I? 6 (A x A) to D b (A x A) that takes a skyscraper 0( a a \ to 5( a jCt ). (Note that this condition 
does not define the functor by uniquely, because it can be changed by tenzoring with any line bundle 
pulling back from A x A. ) Let us define such a functor $ Sa : D b (Ax A) — > D b (A x A) by the 
representing object 

S A = (m ■ p 13 ,p 4 )*0 A ® P23P4 
on the product (A x A) x (A x A). Here (m • Pi3,f>4) is a morphism onto A x A that takes 
(01, a, 03,04) to (m(di, 03), 04). A direct check shows that $s A takes the skyscraper sheaf C( a . Q ) 

to S^a.a)- 

The functor $s A can be consider as a composition of two functors. Denote by TZa — PuOa <8> 
P23-P G D b ((A x A) x (A x A)). By ua : A x A — ► Ax A denote a morphism that takes (01,02) 
to (ai, m(ai, a 2 )). Consider two functors 

$ TCa : L> b (A x 1) — ► L> b (A x A), R.fj, A * : L> b (A x A) — ► L> b (A x A). 

4.2.4.1 Lemma. The functor $s A is isomorphic to the composition RpA* ®iz A - 

The proof is omitted. Also this statement can be used as another definition of the functor &s A - 
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4.2.4.2 Lemma. The functor is an equivalence. 

Proof. By Lemma 4.1.6.2 the functor ^n A is an equivalence. Since ha is an automorphism of 
A x A the functor HfiA* is an equivalence too. This implies that <J>,g A is also an equivalence. 

4.2.5. Let A and B be two abelian varieties. Fix an equivalence : D b (A) -^-> D b (B). Consider 
the functor $^Arf £ $ s ^ horn D b (AxA) to D b (B x B) (4.1,6.3). By J(£) denote an object 
that represents this functor. Thus there is the commutative diagram: 

D b (A x A) D b (A x A) 

(8) * J(e) J. |^d £ 



D b (B x B) —5 L» b (B x B) 



Let us describe the object J{S). 



4.2.5.1 Theorem. ([24]) There exists a group isomorphism fs'.AxA — ► B x B and a line bundle 
Lg on A x A such that the object J(£) is isomorphic to i*(Ls), where i is the embedding of 
Ax A in (A x A) x (B x B) as the graph r(fs) of the isomorphism fs- 

In particular, it immediately follows from the theorem that if two abelian varieties A and B have 
equivalent derived categories of coherent sheaves, then the varieties Ax A and BxB are isomorphic. 



4.2.5.2 Corollary. An isomorphism f £ takes a point (a, a) E A x A to a point (b, (3) E B x B iff 

the equivalences 

$ (o , a) : D b (A) ^ D b (A), $ (6ij8) : D b (B) -=U D b (B), 
defined by formula (7), are connected by the relation 



Proof. By the theorem, $j<s) takes a skyscraper 0( o ,a) to Oa,m, where (6, (3) = fs(a,a). By 
construction of the functor $g A it takes a skyscraper O(o,a) to S^ aM ), where the object ^(a.a) 
represents the functor &( a ,a)- Thus diagram (8) implies that the morphism fs takes (a, a) to (6,/3) 
iff 5(6,/3) = Ade(S(a ia )). Now the formula (5) implies that $(&,/3) = <&£<I>( aia )<I>£ □ 

4.2.5.3 Proposition. ([24]) Let B = A, the correspondence <&£ i— > /f induces a group homomorphism 

j A : Autoeq(D b (A)) — > Aut(A x A). 



PROOF. Let £1,82,83 beobjectsof D b {Ax A) such that 3?^ are equivalences and $£ 3 =$£ 2 o$ £l . 
This implies that Adg 3 = Ac?g 2 o . Further we have the sequence of isomorphisms: 

By theorem 4.2.5.1 the object J{£) is a line bundle over the graph of some automorphism fs- Thus 
we obtain that fs 3 = fs 2 ' fsi ■ D 

4.2.5.4 Proposition. ([24]) T/ie kernel of the homomorphism ja coincides with TLxAxA, consisting 
of all equivalences $( aiQ )[«] = <g> P Q [«]- 

4.3 The Mukai-Polishchuk group \J(A) and the spinorial group Spin(A). 

In his recent preprint S.Mukai [18] was interested in the group of autoequivalences Auteq(D b (A)) 
of the bounded derived category D b {A) of coherent sheaves on an abelian variety A and he defined 
a certain related discrete group (which he called U(A x A) ). Independently A.Polishchuk considered 
the same group, which he called SL2(A), and proved that SL2(A) acts naturally on D b (A) "up 
to the shift functor" (see [27]). Let us recall the definition of this group for complex tori. We call this 
group V(A). 
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4.3.1 Definition. Let A be a complex torus. Put 
U(A) ~{g- 



g- 1 



d -b 

-c a 



a b \ I End(A) Rom(A, A) 
c d ) ^ y Rom(A,A) End(2) 

and call it the Mukai-Polishchuk group. 

We may consider \J(A) as a subgroup of GL(.Ta ©.Tj). Consider the canonical symmetric bilinear 
form Q on A := Ta (B -T^ as in 3.1 above. Here is another description of the group V(A). 

4.3.2 Proposition. There are equalities 

U(A) = 0(A, Q) n Aut(A xA) = SO(A, Q) n Aut(A x A) 
of subgroups of GL(/1). 

PROOF. The second equality follows from the fact that elements in Aut{A x A) preserve the complex 
structure on Va ® V^, hence have a positive determinant. 
To prove the first equality it suffices to show that the group 

r ==H° *) e H 9 "=(i 1 

coincides with the orthogonal group 0(A, Q). Choose a basis h,...,hn of Ta and the dual basis 
xi,...,x 2n of r%. Consider the basis h, hn, %i, #2n of the lattice A. Then the group 0(A,Q) 
consists of matrices 

' a (3 
7 S 

such that 

a [3 \ ( 1 \ ( a* 7* \ _ / 1 
7 O V 1 0^/3* S* J-\l 
The equality T = 0(A, Q) now follows from Remark 1.6. □ 

4.3.3 Proposition. ([24]) The image of the homomorphism -fA ■ Autoeq{D b (A)) — ► Aut(A x A) 
coincides with the Mukai-Polishchuk group V(A). Moreover there is an exact sequence of groups 

— >Zx Ax A — ► Auteq(D b (A)) — ► \J(A) — > 1. 



This was essentially conjectured by Polishchuk in [27]. 

By Lemma 4.1.4.3 the correspondence <f>£ (f> £ induces a homomorphism 

p A : Auteq(D b (A)) — ► GL(H*(A,Q)). 
As a matter of fact, this representation preserves the integral cohomology lattice. 

4.3.4 Proposition. For any equivalence <!>£ : D°(A) -^-> D b (B) the linear map <ps preserves the 
integral cohomology, i.e. 

cj> e (H*(A,Z))=H*(B,Z). 

Proof. By definition of (f>£, one needs to show that ch(£) belongs to integral cohomology H*(Ax 
B,Z). This is equivalent to checking that ch(£ v IS] £) belongs to the integral cohomology H*((A x 
A)x(BxB),Jj). This object represents the functor Ads. Since Ads = <&s B ® J(£)^Sa it is sufficient 
to show that ch(SA), ch(Sg) and ch(J(£)) arc integral. But , by construction, all these objects 
are line bundles on abclian subvarieties. Thus, the following lemma implies the proposition. □ 

4.3.4.1 Lemma. For any line bundle L on an abelian variety A the Chern character ch(L) is 
integral, i.e belongs to H*(A,Z). 

Proof. Denote by C\(L) the first Chern class of L. The Chern character ch(L) is equal to 
exp{c\{L)). Thus we must show that -gCi(L) k belong to integral cohomology for any k. If x\, x-i n 
be a basis of H 1 (A, Z), then the first Chern class as an element of H 2 (A,Z) can be written as: 

c\(L) = ^2 <kj ■ {xi Usj), dij e Z 

i<j 
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Taking k -power, we obtain 

ci (L) k = k\ d im ■ ■ ■ d ikjk ( x h u x h u • • • u x ik u x jk ) 

(*i<ii)i-i(**<i*) 

(il,Jl,-.-,i fe ,3' fc )C(l,...,2n) 

That proves this lemma and the proposition. □ 

This way, the correspondence i— > (fe gives us the homomorphism 

PA : Auteq(D b (A)) — > GL(H*(A,Z)), 
denoted by the same letter as in Lemma 4.1.4.3. 

4.3.5 Definition. The subgroup of GL(H*(A,Z)) that is the image of pa will be called the spinor 
group of A and will be denoted by Spin(A). 

4.3.6. To justify this definition consider the Clifford algebra Cl(A, Q) (3.1) and the homomorphism 
of algebras 

cor a ■ Cl(A, Q) — > End(iT (A, Z)) = H*(A x A, Z) 
defined on the A C Cl(A, Q) by rule 

cor A ((l,x)){-) =!(•)+ a; U(-), 

where (I, x) g r A ® r\ = A and /(•) is the convolution with I, i.e. for a monomial a = x\ U ... Uxfc 
it is defined as 

1(a) := l) <_1 Z(xi) • xi U ... U U x i+1 U ... U a*. 

By Proposition 3.2. le) the homomorphism cor a is an isomorphism. Clearly it sends Cl + (A 1 Q) onto 
H ev (AxA 7 'Z). The homomorphism cor a induces the action of the group Spin(A 7 Q) (3.4.1) on co- 
homology lattice H*(A, Z). Henceforth, we will consider Spin(A,Q) as a subgroup of GL(H*(A, Z)) 
with respect to cor^. 

There is the standard involution ' on C7(/l). It is defined as a unique ring involution on Cl(A) 
that is the identity on A. The isomorphism cor a induces an involution on End(if*(A, Z)), which 
will be denoted the same symbol '. It is not hard to check that for any £ G H d (A x A, Z) there is 
the equality 

v 6 =(-l)™+ ^ 

where and defined in 4.1.3 and n = dimA In particular, this implies that 

(9) 4>e' =ipe^[n]- 

for any object £ e D b (A x A). 

Thus there are two correspondences $g i— ► fs and $ £ £ , which gives two group homomor- 
phisms 

1A ■ Auteq(D b (A)) — ► XJ(A) c SO(A,Q), p A : Auteq(D b (A)) — ► Spin(A) c GL(iP(A,Z)) 

such that 7yi( < f ) £) = fs an d PA^fO = 4>£- The following proposition relates these two homomor- 
phisms. 

4.3.7 Proposition. 

a) The group Spin(A) is contained in Spin(A, Q) C GL(H*(A, Z)). 

6) Lef 7T : Spin(A,Q) — > SO(A, Q) be the canonical map. Then tt-pa — JA and 7r _1 (U(A)) = 
Spin(A). 

Proof. Let : D b (A) -^-> D b (A) be an autoequi valence. The following diagram is a cohomological 
analog of diagram (8) with B = A : 

H*(A x A, Z) ^4 H*(A x A, Z) 

(10) <t>J(e)[ [ad £ 

H*(A x A,Z) ^ H*(A x A, Z) 
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By Theorem 2.4.5.1 the sheaf J{£) is a line bundle over the subvariety r{fe) that is the graph 
of the isomorphism fe- This implies that 4>j(£) sends H 4n ^ 1 (AxA 7 Z) to itself. Moreover, the 
restriction of <fij(£) on the {An — 1) — th cohomology coincides with 

fe : H X {A xi,Z) — > Hi{A x A,Z) 

under the Poincare isomorphism D : Hi(A x A,Z) = A H in ~ x (A x A,Z). Fix this identification 
of H An - l {A x A,Z) with A. 

Let us assume that the restriction of cf>s A on H An ^ 1 (A x A, Z) coincides with the restriction of 
cor a on A. Under this assumption, it follows from the commutativity of the diagram (10) that ads 
takes corA(A) to itself. Hence (f>£Cor{A)(f>g 1 = cor(A). Further, since the inverse of an equivalence 
$£ is isomorphic to $^vj n ] we get from (9) that 4>e' = <f>£ ■ Therefore N((ps) = (f>£ ■ <j>£ = id. By 
Definition 3.4.1 <p£ belongs to Spin(A,Q) and a) is proved. 

Moreover, we have that action of fe on A coincides with the action of ade on cota{A). This 
implies that 7^ = ttpa- Finally, since Kern = Z/2Z and p([l]) = —Id the full inverse image 
7r _1 (U(.A)) not only contains but also coincides with Spin(A). 

Thus to complete the proof of the proposition it is sufficient to prove the following lemma. 

4.3.7.1 Lemma. The restriction of the map 4>s A D on H\(A x A, Z) = A coincides with the 
restriction of the map cor a on A. 

PROOF. As above let x\,...,x 2n and h,...,l2n be the dual bases of r\ and i~U respectively. For 
any a <E Hi(A x A, Z) and j3 e H l {A x A, Z) the following equality holds 

(f3,a) = (pUD(a),[AxA]), 

where (, } is the canonical pairing of cohomology with homology and [A x A] S i/ 4n (^4 x A, Z) is the 
fundamental class. It is easy to check that 

D( Xi ) = (-I) 1 - V (zi U • • • U x 2n ) U q*(h U • • • U U U • • • U l 2n ), 
D(k) = {-l) i - 1 p*{x 1 U • • • U Xi-i U x i+1 U • • • U x 2n ) U q*{h U • • • U l 2n ). 

Denote \ia — H (4.2.4). By Lemma 4.2.4.1 the functor &s A is the composition R^»$7j A . Hence 
<ps A — ^^"R-a- By construction of &n A , the map 4>n A takes q*(l)Up*(x) to p*(i>p(l)) Up 2 (x). 
Combining Lemma 4.2.3.2 and Proposition 4.2.2.1 we get 

(11) 4>n A D(xi) = p* 1 {x l )U P * 2 (x 1 U---Ux 2n ) 

(12) 4>K A D(k) = {-iy- 1 p 2 > (x 1 U---Ux i - 1 \Jx i+1 U---L>x 2n ) 

Further, to compute fj,*(a) it is sufficient to note that /x* is a ring homomorphism because /i is an 
isomorphism and, consequently, /x* is the inverse of fi*. Besides, since n(a\,a 2 ) — (ai,m(ai,a 2 )) 
we have 

(Pi (") ) = Pi (") . (P2 ( a ) ) = m * ( a ) 

for any a e H*(A,Z). Moreover, if a = x £ H 1 ( A, Z) then 

A 1 * O2 (a)) = m* (a;) = p* (x) + p 2 (x) 

Therefore, for any x€H 1 (A, Z) there arc equalities 

H*{p\{x)) = p\(x) and /x, (p?, (x) ) = p 2 (x) - pi (x) . 

To find an clement </>s A (A) for some \ £ H 4n ~ 1 (Ax A,Z) it is sufficient to compute the map that 
is defined by this clement, i.e. 

4>S A (X)(-) :=P2.(^(A)UpI(-)). 
Substituting (11) in the last expression, we get 

4>S A D{xi){a) = p 2 *(lJ>*(pt(xi) Up 2 (xi U • • ■ Ux 2n )) Up* (a)) = m»(p|(x, U a) \Jp* 2 {x 1 U • • • Ui 2n )) 
= TO»(m*(xi U a) Up*>(a;i U • • • U x 2n )) = Xi U a U m*(P2(£i U • • • U x 2n )) =i,Ua 

Hence <ps A D{x) coincides with cor^Ca;). 
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Let us compute the action of 4>s A D(li) on the cohomology. We have 

2n 

cf> SA D(k)(x sl U---Ux Sk )=p 2 4^((-l) i - 1 p* 2 ( U x^UpKx^ U---Uz s J) = 

3 = 1, 

2n 

(-l)W U (Pi(*j)-^(*j))UpI(*-i U---Ux s J) 

3 = 1, 

If the set (si,...,Sfe) does not contain i, then this expression equals 0. Suppose that si = i. In 
this case the last expression can be simplified 

<t>S A D (k)(xi Ux S2 U • • • Ux s J =P2*(pt(xi U • • • Ux 2 „) Upjfe U • • ■Ui.J) = x S2 U • • • U x Sfc 

Thus, tfis A D(li) coincides with cor^i), because 

cor A (li)(x Sl U---Ux Sk ) = if i £ (si, s fe ), 
corA(k)(a;i Ua; S2 U • • • U x Sk ) = x S2 U • • • U x Sk . 

This concludes the proof of the lemma and, consequently, completes the proof of the proposition. □ 

4.3.8 Corollary. KerpA coincides with 2Z x A x A, consisting of all equivalences $( OQ )[2i] = 

T *(-)®Pa[2i]. ' 

PROOF. It is clear that $( Q)a \[2i] are contained in KerpA- On the other side, it follows from 

Proposition 4.3.7 that KerpA is a subgroup of Ker-fA — % x A x A. Note that by Lemma 4.1.5.1 
/^([l]) = — Id. Corollary is proved. □ 

4.3.9 Corollary. There is the exact sequence of groups 

— ► Z/2Z — > Spin(A) — > U(A) — ► 1. 

The last theorem of this chapter gives description of abelian varieties that have equivalent derived 
categories of coherent sheaves. 

4.3.10 Theorem. ([24]) Let B and C be abelian varieties. Then the derived categories D b {B) and 
D b (C) are equivalent if and only if there exists an isomorphism 

-f-.BxB^Cxd 

which identifies the forms Qb and Qc on T g © Pg and F c © Jg. . 

The "if" direction in the above theorem was first proved by A. Polishchuk in [26]. 



5. The algebraic group JJa,q- 

5.1. Fix a complex torus A. Put A := T A © and consider the group GL(tIq). We have the 
following Q -algebraic subgroups of GL(Aq). 
!) Hd 9 A , q = Hdg AxSQ . 

2) Autq(A x A), which is defined as the group of invertible elements in End (A x A). 

3) 0(Aq,Qq), SO(Aq,Qq), where Qq is the extension to Aq of the canonical symmetric 
bilinear form on A (3.1). 

4) U^q, which is defined as follows 



Ua,q = {g=( I J ) € Aut Q (A x A) 



5- 1 



d -b 
-c a 



Thus the discrete group V(A) defined in 4.3.1 is the arithmetic subgroup of U^q consisting of 
elements which preserve the lattice A. 

The following proposition summarizes the interrelations of these subgroups. 

5.2 Proposition. 

1) Hdg A ,q C SO(/1q,Qq). 

2) Autq(A x A) is the centralizer of HdgA,q in GL(Aq). 

3) Vam = Aut q (A x A) n SO(t1q, Qq). 
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4) Ua.q is the centralizer of HdgA.q in SO(Aq, Qq). 

Proof. 1) The operator J a of complex structure on yIr has determinant 1 and preserves the form 
Q. Thus /^(S 1 ) lies in the group of R -points of SO(Aq,Qq). Since HdgA,q is the Q -closure 
of hAiS 1 ), we have HdgA,Q> C SO(t1q, Qq). 

2) By definition End°(A x A) is the centralizer of HdgA,q in End(Atj)- Thus Autq(A x A) is 
the centralizer of HdgA^q, in GL(Aq). 

3) The proof is the same as that of proposition 4.3.2 above. 

4) This follows from 1), 2), 3). □ 

5.3. Let us study the Q -algebraic group Ua,q in case A is an abelian variety. 

Clearly, the group U A ,q depends only on the isogeny class of A. If A = A™ 1 x ... x A™ k , where 
Ai are pairwise nonisogeneous simple abelian varieties, then 

ua,q = n u ^r*.Q" 

i 

Below we describe the Q -algebraic group U^.q and its group of R -points U j 4"«,q(R) for a 
simple abelian variety A. 

5.3.1. Let us use the notations of section 1.8. In particular denote F = End°(A). Let <p G Kom(A, A) 
be a polarisation and ' : F — > F be the corresponding Rosati involution. We identify naturally 
M(m, F) — End°(A m ), which makes rU m ,Q a left M(m,F) module. Consider the diagonal polari- 
sation u = (<p, ...(p) of A m . Then the corresponding Rosati involution on M(m,F) is 

Z i ► l Z'. 

Consider the following homomorphism of algebras 

t : End (A x A) — > End(r A m Q © r A ™ Q ) 

B C \ ( B Ca 
D E ) ^ y o- l D o- x Eo 

Obviously, the image of t is contained in M(2m,F). We have 

r(V A m, Q ) = {<? = ( £ J ) GGL(2m,F) 
Thus t(Ua"»,q) is the group of isometries of the skew-hermitian form on F m © F m 

m 

...,Z m ,Z- U ...,Z- m ), (lOi, ...,W m , W-l, ...,tU_ m )) = Z*V_ fc - ZfcW^. 

fc=l 

5.3.2. Denote by f/jm f c GL(2to, F) the -algebraic group of isometries of the skew-hermitian 
form <&. Then the Q -algebraic group U_a">,q is obtained from f/^m f by restriction of scalars from 
Kq to Q. Fix an embedding Kq <—* R. The corresponding group of real points U 2 * mJ? (E) was 
computed by A. Polishchuk ([27]). His result according to the four cases of Albert's classification is the 
following 

I. Sp 2m (R), 
II. S Pim (R), 

III. f7! m (H) - the group of automorphisms of H 2m preserving the standard skew-hermitian form, 

IV. U{md,md). 

5.3.3 Corollary. The reductive Lie group f7| TO F (R) is semisimple unless we are in case IV. This group 
has no compact factors unless we are in case IV (then it is isogeneous to the product S 1 x SU(md, md) ) 
or in case III and m = 1 (then it is isogeneous to the product SU{2) x SL(2,R) ). 

5.3.4. We have 

V A ^Mm=U U 2mA R ^ 

eo 

hence the above provides the corresponding description of the group Ua«>,q(R)- 









«-■-( 




*s J J 
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Corollary. The reductive group Ua™,q(R) is semisimple unless we are in case IV. This group has 
no compact factors unless we are in case IV (then the compact part is isogeneous to the product of e 
copies of S 1 ) or in case III and m = 1 (then the compact part is isogeneous to the product of e 
copies of SU{2) ). 

5.3.5 Corollary. For any abelian variety A the Lie group U j 4 i q(K) is connected. 
6. The Neron-Severi Lie algebra fljvsPO- 

6.1. Let A" be a smooth projective variety of dimension n. Let us recall the definition of the Neron- 
Severi Lie algebra Qns{X) from [15]. If k £ H 1 ' 1 (X) n Ft 2 (X, Q) is an ample class, then cupping 
with it defines an operator e K in the total cohomology H*(X) — H*(X, C) of degree 2 and the hard 
Lefschetz theorem asserts that for s = 0, 1, n, e s K maps H n ~ s (X) isomorphically onto H n+s (X). 
As is well known, this is equivalent to the existence of a (unique) operator f K on H*{X) of degree 
—2 such that the commutator [e K , f K ] is the operator h which on H k {X) is multiplication by 
k — n. The elements e K ,f K ,h make up a Lie subalgebra g K of gl(H*(X)) isomorphic to sl(2). 
Define the Neron-Severi Lie algebra fljvs(A) as the Lie subalgebra of qI(H*(X)) generated by g K 's 
with k an ample class. This Lie subalgebra is defined over Q and is evenly graded by the adjoint 
action by the semisimple clement h. 

In the above definition we could replace an ample class k by a Kahler class or by any element 
k £ H 2 (X), such that e K satisfies the conclusion of the hard Lefschetz theorem. The resulting Lie 
subalgebras of gZ(iJ*(A)) are called the Kahler Lie algebra and the total Lie algebra respectively and 
denoted by qk{X) and Qtot(X) respectively. Obviously we have the inclusions Qns(X) C qk{X) C 
Qtot(X). 

The above Lie algebras preserve (infinitesimally) the following form on the cohomology H*(X). 

X (a,(3) := (-1)' faU/J, 
Jx 

where a is homogeneous of degree n + 2q or n + 2q + l. The main fact about these Lie algebras is 
that they are semisimple ([15], p. 369). 

6.2. In case X is a complex torus (resp. an abelian variety) the Lie algebras Qtot(X), Qk{X) (resp. 
2ns(X) ) were computed explicitly in [15], p. 381. Let us recall the result. 

6.2.1. Let X = (V~x/rx,Jx) be a complex torus. Put A = T x © T x with the canonical symmetric 
bilinear form Q (3.1). There exists a natural isomorphism of Lie algebras 

9tot(X) = so(Aq,Qq), 

such that the semisimple element h £ Qtot(X) corresponds to the element —lr x © lr~ £ so(Aq, Qq). 
The natural representation of Q tot on H* (X, Q) under the above isomorphism is the spinorial rep- 
resentation of so(Aq, Qq) (which is the direct sum of two semi-spinorial ones corresponding to H ev 
and H odd respectively) . 

Let J = {J X ,J X ) be the complex structure on V x © V^. Then the form Q R is J -invariant, 
hence defines a hermitian form on yl R . Let su(/1r) denote the Lie algebra of the corresponding special 
unitary Lie group. Then the isomorphism mentioned above Qtot(X) = so(Aq, Qq) identifies the Lie 
subalgebras Qk{X; K) = su(A^). 

6.2.2. Finally, let X be an abelian variety The Lie algebra Qns(X) depends only on the isogeny 
type of X. If 

X = X" 11 x ... x X™ k , 

then 

Bns(X) = Q NS (Xr) x - x BNs(Xp). 
We therefore assume that A is a power A m of a simple abelian variety A. Let us stick to notations 
of section 1.8. In particular, F = End°(j4). Choose a polarization ip £ Hom(A,A) of A. Denote 
by ' the corresponding Rosati involution on F. Consider the diagonal polarisation a = (<p,...,tp) 
of A m . If we naturally identify M(m,F) — End°(A m ) then the Rosati involution defined by a is 
Z i ► t Z'. 
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Define a K n -Lie subalgebra of M(2m, F) by 

slu(2m,F,') = {^ J B ,^\B,C,DeM(m,F); C = t C, £> = *£>'}. 

This is the Lie algebra of infinitesimal isometrics of the skew-hermitian form i? on F rn © F m , which 
was defined in 5.3.1 above. It is a reductive Kq -Lie algebra whose center is the space of scalars 
A G K with A' = —A. So slu(2m, F,' ) is semisimple unless we are in the case of totally complex 
multiplication (case IV) . We grade this Lie algebra by means of the semisimple element 

I" 1 ll ) esiu(2m,F/), 

so that B, C and D parametrize the summands of degree 0, —2 and 2 respectively. Let 
g(2m, F' ) denote the K -Lie subalgebra of slu(2m, F,' ) generated by summands of degree 2 and 
-2; let u(m, F' ) denote the union of GL(m, F) -conjugacy classes in M(m, F) made up of anti- 
invariants with respect to the involution Z t Z' and identify u(m, F,' ) with the subspace of 
slu(2m, F,' ) in an obvious way. We have the following result. 

6.2.2.1 Lemma. ([15], Lemma 3.9) We have 

du(2m, F,' ) = fl(2m, F,' ) x u(m, F,' ). 

The summand u(m, F/ ) is trivial except in the following cases 

1) m = l and F is totally definite quaternion (case III) : then q(2, F,' ) = sl(2, Kq) and u(l,F/) 
can be identified with pure quaternians in F (i.e. the ' -antiinvariants in F ) or 

2) K is totally complex (case IV): then g(2m, F,' ) consists of the matrices for which B has its 
K -trace in Kq, whereas u(m,F.') can be identified with the purely imaginary scalars in K (i.e. 
the A e K with A = -A ). 

6.2.2.2 Remark. It was noted in [15] that in the exceptional cases the connected Lie subgroup of 
GL(m, F<8>qR) with the Lie algebra u(m, F,' ) <8>qM is a product of e copies of U(l), resp SU(2), 
and hence is compact. 

In view of 6.2.1 above we may consider Qns{X) as a Lie subalgebra of End(ylQ) = End(r X Q © 
Jjf q). Recall the homomorphism of algebras r as in 5.3.1 above. 

r : End°(r x Q © r^ Q ) — > End(r x , Q © r x , Q ) 

B C \ ( B Ca 
D E )^{ a- x D a- x E(j 

Note that -Tx.q © rx,q is naturally a M(2m, F) - module. 

6.2.2.3 Proposition. ([15], Prop. 3. 10) TTie a6oue homomorphism t identifies the Lie algebras 
Qns(X) and g(2m,F.'). In particular, we get an isomorphism 

slu{2m, F,' ) = g NS (X) x u(m, F/ ). 



7. Relation between the group Auteq(D b (A)) and the Neron-Severi Lie algebra 
Qns(A) for an abelian variety A. 

7.1. Let A be an abelian variety. We know that the group Auteq(D b (A)) acts on the total co- 
homology H*(A,Z) of A and we denoted its image in GL(iF(A,Z)) by Spin(A) (4.3.5). Put 
A = T A (B and let Q be the canonical symmetric bilinear form on A (3.1). Recall the exact 
sequence of group homomorphisms 

— ► Z/2Z — ► Spin(A) — > \J(A) — > 1 

(4.3.9) and the commutative diagram (4.3.7) 

Spin(A) ^ Spin(A, Q) 

V(A) — SO(i,Q) 
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where horizontal arrows are compatible with the actions on H*(A,Z*) and A respectively. 

7.1.1 Definition. Let Spin(A) (resp. V(A) ) be the Zariski closure of Spin(A) (resp. \J(A) ) in 
GL(JT*(A,Q)) (resp GL(/1 Q ) 

These are Q -algebraic groups. These groups are isogeneous, hence have isomorphic Lie algebras. 

7.1.2 Remark. Since the group Spin(A) acts on H*(A, <Q>) by algebraic correspondences its action 
commutes with HdgA,q- Hence the same is true for Spin(A). 

On the other hand we know that Qns(A) can be identified as a Lie subalgebra of so(Aq, Qq) so 
that the representation of Qns(A) in H*(A, Q) is the restriction of the spinorial representation of 
so{A q ,Q q ) (6.2.1). 

7.2 Theorem. 

a) The Lie algebra of Spin(A) is Qns(A) considered as a Lie subalgebra of qI(H*(A,Q)). 

b) The Lie algebra of V(A) is Qns{A) considered as a Lie subalgebra of qI(Aq). 

Proof. The discussion in 7.1 above implies that a) and b) are equivalent. Let us prove b). 

Both U(A) and Qns(A) depend only on the isogeny type of A. If A is a product of pairwise 
nonisogeneous abelian varieties then both V(A) and Qns(A) are products of the corresponding 
factors. Thus it suffices to prove that Qns(A" 1 ) is the Lie algebra of the algebraic group \J(A m ) for 
a simple abelian variety A. 

By definition U(A m ) is an arithmetic subgroup of the reductive Q -algebraic group Ua"»,q (5-1). 
By Corollary 5.3.4 all abelian factors of Ua™,q are compact. Thus by the density theorem ([25]) the 
Q -algebraic group \J(A m ) consists (up to isogeny) of all noncompact factors of Ua"\q- Let g(A rn ) 
be the Lie algebra of XJa™,q- As follows from the results in 5.3.1, 6.2.2, 6.2.2.3 that it is a product of 
Lie algebras 

(A m ) = g NS (A m ) xu Am , 

where u^™ = T _1 (u(m, F' )) in the notation of 5.3.1, 6.2.2 above. Moreover, it follows from the 
results in 5.3.4, 6.2.2.1, 6.2.2.2 above that the Q -algebraic subgroup of Ua">,q corresponding to 
Ua™ consists (up to isogeny) of all compact factors of XJA m ,Q- Thus QNs{A m ) is the Lie algebra of 
the group \J(A m ). This proves the theorem. □ 

7.2.1 Corollary. 

a) The algebraic groups Spin(A) and ~U(A) are semisimple. 

b) The group ~U(A) consists (up to isogeny) of all noncompact factors of Ua,q- 

Proof, a) Indeed, this follows from the above theorem, since the Lie algebra Qns{A) is semisimple. 
b) This was obtained in the proof of the above theorem. □ 

7.3. Let A be an abelian variety. Consider 0ats(A;R) as a Lie subalgebra of qI(As). Let ip e 
iV5i(R)°cHom(K 1 ,^). Then (p, ip^ 1 e Qns(A; K) and 

[*,-]-»-( " U "J- 

The elements <p, p^ x ,h make up a Lie subalgebra q v of gArs(A;R) isomorphic to sl(2). By 
definition the Lie algebra 0tvs(^4;R) is generated by these subalgebras. 

Consider the group of R -points U(A)(M) of the Q -algebraic group U(^4). It is a semisimple Lie 
subgroup of the reductive Lie group U j 4.q(M) (5.3.4) which consists (up to isogeny) of all noncompact 
factors of Ua,q(R)- By the above theorem the Lie algebra of U(j4)(R) is fl]vs(A;R). For <p> e 
^^(R) denote by G v C U(A)(R) the connected Lie subgroup corresponding to the Lie subalgebra 
g v . We have G v S SL(2;R). 

8. Action of Ua,q(M) on a Siegel domain. 

8.1. Let A be a complex torus. Let us define a rational (i.e. not defined everywhere) action of the 
group U j4 ,q(R) (5.1) on the complex space NS A {<C) = NS A ® C C Hom(^4, A) ® C. It is given by 
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the formula 

(13) (^ a c b d ^j w := (c + dcj)(a + buj)-\ ^ e Ua,q(R), u> € NS a (C) cHom(A,A) ®C. 

Here multiplication is understood as composition of maps. 

In case A is an abelian variety NSa(C) contains Sicgcl domains of the first kind on which this 
action is well-defined. Namely, let C a A C NSa{^.) be the ample cone of A, which is defined as 
M+ -linear combinations of ample classes in NSa- It is an open subset in AfSU(R). Put 

C\ := NS A (R) ± iC% C NS A (C), 

C A :=C+UC a . 

Thus Ca ^ if and only if the complex torus A is an abelian variety. 

8.2 Theorem. Let A be an abelian variety. 

a) The action of Ua.qOR) on Ca is well defined. 

b) This action on C\ (resp. C A ) is transitive. 

c) The stabilizer of a point in Ca is a maximal compact subgroup of the Lie group Ua,q(K)- 
Proof. This theorem is proved in Appendix. 

8.3 Remark. Let A be an abelian variety. The action of Ua,q(R) on Ca restricts to an action 
of the Lie subgroup \J(A)(M). Since this subgroup consists (up to isogeny) of all noncompact factors 
of ILa,q(R) its action of C\ (resp. C A ) is also transitive. Thus C\ (rcsp. C A ) is a hermitian 
symmetric space for the semisimple Lie group U(A)(M). 

8.4. Let A be a complex torus. As above, denote by NSaQ&)° c ASU(R) the subset consisting of 
nondegenerate forms. Assume that ASU(R) ^ 0. Put 

NS A (C)° :={<pi + i<p 2 G NSa(C) \ ud 2 G AS^M) } 

Thus, AS^C) is a nonempty Zariski open subset in NSa(C). (Note that if A is an abelian variety 
then C\ (resp. C A ) is a connected component of AS^C) ). 
Given uj = ipi + iip 2 G NSa{C)° consider the following element 

(") 4:=(.. ,«■'!?.,.. -<Uri ?V° 1 °W*Q<»> 



K ip 2 + ipnp 2 ipi -ipupz J \fi 1/ J \-ipi 1 

and the morphism of algebraic R -groups 

fi„ : S 1 — » Ua,q(R) 

given by the formula ^^{e 10 ) = cos 8 ■ Id + sin 8 ■ I u , so that ^(e'i) =/ u . 
The correspondence uj i— ► L u is injective. 

8.4.1 Properties of J w and 

(1) /- = -I u , hence fj, Q = fi u ■ (-Id s i). 
This is obvious. 

(2) Il = -Id. 

This is a direct computation. 

By K u C Ua,q(R) denote the stabilizer of uj with respect to the action (13), and Z(K^ 
denote its center. One checks directly that 

(p 2 a + (fiib(p 2 + (p 2 b(pi = dtp 2 ; 
ipia + ipibipi - f 2 bLp 2 = c + dtfii 

(3) HuiS 1 ) C Z(K U ). 
This is also a direct computation. 

( 4 ) ^,q(I)(^) = ^Ua.qWO^O^ )) = Ku- 

The first equality is obvious and the second is a direct computation. 

Let X^AS^C) be the tangent space to NSa(<C) at the point uj. Each element g e 
defines a linear operator on T w ASU(C). 



i i " d l = f! '- 
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(5) ^(e 4 *) defines the complex structure (i.e. multiplication by i ) on T u NSa(C). 
Indeed, given 7 + iS G NS A (C) it suffices to check that 



lim - 



l + tp 2 Vl -<P2 
<P2 + <Pl<P2 1( Pl 



(931 + i</?2 + e(7 + 2(5)) - (</?i + ^2) 



= 1(7 + i<5) 



This is a straightforward computation, which we omit. 

(6) If A is an abelian variety and u> G Ca, then Adj^ is a Cartan involution in XJa, 

\J A,Q{^) Adl " is a maximal compact subgroup K u of Ua,q(R). 
Indeed, this follows from properties 2, 3, 4 above and from Theorem 8.2 c). 

(7) If A is an abelian variety, then ^(S 1 ) cU(I)(l) (7.3). 

Let us prove this. If ui' = iip 2 , then fi u — g Vl Hu'gZl where g Vl — ( ^ 

\ ¥ 

So we may assume that uj — iip and hence 



COS ( 



But then AVC^ 1 ) C G v . (7.3). □ 



1 
1 



sm( 



-ip- 1 
ip 



i.e. 



eC B (7.3). 



9. Mirror symmetry. 

Here we introduce the notion of mirror symmetry for abelian varieties and complex tori. 

9.1 Definition. An algebraic pair (resp. a weak pairj (A,uj a ) consists of an abelian variety (resp. a 
complex torus) A and an element uja G Ca (8-1) (resp. uja G NSa(C)° (8-4))- 

Thus a algebraic pair is a special case of a weak pair. 

Let (A, u>a) be a weak pair. Recall the canonical symmetric bilinear form Qa (3.1) on the lattice 
r A ®T^. The group HdgA,q{^) x U^.q(R) acts on the space V A © V-^, preserving the form Qa,r- 
In fact Ua,q(K) is the centralizer of Hdg A ,®(®-) in SO(V a ®V^,Q a ,r) (Prop. 5.2.4). We have the 
elements 

J a*a e Hdg A q (R) = Hdg AxSiQ (R), I UA G U a ,q(K) 
(see 2.1, 8.4) which commute and define two complex structures on V A © V A . 

9.2 Definition. We say that algebraic pairs (resp. weak pairs) (A, uja), (B,ujb) are mirror symmetric 

if there is an isomorphism 

*-- r A® r A~^ r B® r B 

which identifies bilinear forms Qa and Q b and satisfies the following conditions 

am. ■ JaxA = ' a R; 
a* • Iu> A = Jbx§ ' aR - 



9.2.1 Remark. Let the weak pairs (A, uja) arid (B,u>b) be mirror symmetric. We will identify the 
lattices r A © and r B © by means of a. That is we have 

r A ®r A = A = r B ®r B 

with the bilinear form Qa = Q = Qb- 

Then the Q -algebraic groups HdgA,Q x \Ja,q and HdgB,qX^JB,q are subgroups of SO(/1q,Qq). 
By the definition of the Hodge group we have the following group inclusions 

HdgA,q C Ub,q, Hdgs,q C U^q. 

If A and i? are abelian varieties, then stronger inclusions hold (see 8.4.1 (7)) 

ffd<M,Q C U(B), ffdsu.Q C U(A). 
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9.2.2 Remark. Let (A, uja) be a weak pair. Assume that weak pairs (B,ujb) and (C,ujc) are 
mirror symmetric to (A, uja)- If B is an abelian variety, then so is C. Indeed, composing the a 's 
for B and C we obtain an isomorphism of complex tori 

B x B = C x C. 

Thus C is an abelian variety (as a subtorus of an abelian variety). 

9.2.3 Remark. Let (A, uja) be a weak pair. The collection of isomorphism classes of abelian varieties 
B for which there exists uj b 6 NSsiC) such that the pairs (A,uja) and (B,uj b ) are mirror 
symmetric, is finite. Indeed, fix one such B. Then for any other such C there exists an isomorphism 
of abelian varieties 

B x B = C x C, 

hence C is isomorphic to an abelian subvaricty of B x B. The finiteness follows from the following 
theorem of Lenstra, Oort and Zarhin. 

Theorem. ([14]) Let A be an abelian variety. There are finitely many isomorphism classes of abelian 
varieties which admit an embedding as an abelian subvariety in A. 

9.2.4 Proposition. Let (A, uja) and {B,ujb) be two mirror symmetric weak pairs. Then the set of 
a 's that establish a mirror symmetry between the pairs is a torsor over the stabilizer of uja in V(A). 
In particular, if the pair (A, u>a) is algebraic then this set is finite. 

PROOF. Let cti, ct2 be two isomorphisms that establish a mirror symmetry of (A, uja) and (B,ujb). 
Then 7 :— a^ai is an automorphism of the torus Ax A which preserves the form Qa- Thus by 
Proposition 4.3.2 7 6 U(A). Also r yI LUA -f^ 1 = I LUA . Therefore by property 4 in 8.4.1 juja = uja- 
This proves the first assertion. If uja S Ca then its stabilizer in Ua,q(K) is compact (Theorem 8.2 
c). This implies the second assertion since the group U(^4) is discrete. □ 

9.2.5 Proposition. Two weak pairs (B,uji) and (B,uj 2 ) are both mirror symmetric to the same 
weak pair (A, uja) if and only if there exists g E V(B) such that gui\ = u)2- 

Proof. =^> Similarly to the previous proof we find g E V(B) such that gl ull g^ 1 = 1^. This means 
that gu>i = u>2- 

If a establishes a mirror symmetry of (A, uja) and (B,uji), then ga induces a mirror 
symmetry of (A, uja) and (£?,w 2 )- □ 

9.2.6 Proposition. Let A, B, C be abelian varieties. 

a) If some algebraic pairs (B,ujb), {C,ujc) are both mirror symmetric to an algebraic pair 
(A,lja), then the derived categories D b (B) and D b (C) are eguivalent. 

b) If some algebraic pairs (B,uj b ) and (A, uja) are mirror symmetric and the derived categories 
D b (B) and D b (C) are eguivalent, then there exists uic £ Cc such that the pairs (C,ujc) and 
(A, uja) are mirror symmetric. 

Proof. This follows immediately from the Theorem 4.3.10 and Proposition 9.4.3 below. □ 

9.3. Assume that weak pairs (A, uja), (B,u>b) are mirror symmetric. Use the identification of 9.2.1. 
Consider the Clifford algebra Cl(A,Q) (3.1). The total cohomology groups H*(A,Z) and H*(B,Z) 
are naturally Cl(A, Q) -modules (3.7). There exists a unique (up to ±1 ) isomorphism of these 
Cl(A,Q) -modules 

: H*(A,Z) H*(B,Z). 
This isomorphism cither preserves the even and odd cohomology groups or interchanges them (3.7). In 
the first case we called [3 even and in the second - odd. 

9.3.1. Assume that the weak pair (A, uja) is mirror symmetric to yet another weak pair (C, ujc) by 
an isomorphism 

a' -.r A ®r x ^ r c ®r 5 . 

Identify T c ®Tq with r B (BTg by means of a and a'. We claim that dim(/ n s j Q n -Tc,q) is even 
and hence r B ,q ~ Tc,q in the sense of 3.6.1. Indeed, both Vb and Vc are complex subspaces of 
/1r with respect to the complex structure I L0A (8.4). Hence dimR(Vs H Vc) is even. 

9.3.2 Proposition. Let weak pairs (A, uja) and (B,u B ) be mirror symmetric. Let n = dimA = 
dimB. Then the parity of [3 is egual to the parity of n. 
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PROOF. Recall that AV£ = H*(A,R) and AV* = H*(B,R) are both spinorial representations 
of the Lie algebra so(Ar,Qr), and /3r : A'V A -^-> A'V* is an so(Ar,Qr) -morphism. Thus the 
parity of (3r will not change if we replace Vb by a subspace gVs for some g G S0(/1r, Qr). Let 
= <fii + i<P2, where ip x G NS A (R), up 2 & NS A (Rf- Choose g = g-\ G G Vl C SO(A R , Q R ) as in 
8.4.1 (7). Then gVs is a subspace of Ar which is preserved by the complex structure 



o 

¥2 



-¥>2 




It suffices to find a maximal isotropic subspace V C Ar which is preserved by T V2 (hence V 
and such that diniR(V PI Va) = n. Let us construct such a subspace V. 

Consider ip 2 as a skew-symmetric form on Va- There exists a basis ei, 
in which 

( ^ 

-A 



-1; • 



- gV B ) 

of V A 



\ 



^2 = 







A = 



V 



Sn J 



Let eT 



..,e! 



be the dual basis of 



Va- 



Then V :=< ei, e„ 



, e* > is clearly 



maximal isotropic subspace of A and I iip2 -invariant. This proves the proposition. □ 

9.3.3. Let A be an abelian variety. Recall that the total cohomology H*(A, Q) is a representation 
space of the Q -algebraic group HdgA.q x Spin(A) (7.1.2). 

Proposition. Let algebraic pairs (A, u>a) and (Blob) be mirror symmetric. As in 9.3 above consider 
the canonical (up to ± ) isomorphism of Cl(A,Q) -modules 

(3 : H*(A,Z) H*(B,Z). 

Then /3q induces the inclusions of algebraic groups 



HdgA,<Q C Spin(B), Hdg B ,q C Spin(A). 



Proof. Let us identify H*(A,Z) and H*(B,Z) by means of (3. It suffices to prove one inclusion 
Hdg A ,q C Spin(B). 

We know that the action of HdgA,q on H*(A, Q) = A'T^q is induced from its action on 
^A q by functoriality. It suffices to show that this action agrees with the spinorial representation 
of Spin(AQ,Qq) when HdgA.q is considered as a subgroup of SO(/1q,(3q). This is done by iden- 
tifying the weights of the Lie algebra sZ(-Ta,q) C so(Aq, Qq) in the spinorial representation and the 
natural representation on A'T^q. □ 

9.4. Let (A,uj) be a weak pair. Let I G UA,q{R), I 2 = -1. Then I and J AxA G HdgA,q(R) 
are two complex structures on the space 

A R = V A ® V a . 

They commute and preserve the bilinear form Qa,r- Denote by c the product J AxA I- The operator 
c preserves the bilinear form Qa,r and c 2 = 1. Hence, the bilinear form Qa,k(c(-), - ) is symmetric. 
Denote by £U,/ the corresponding quadratic form. In case I = I w for some lo G -/VSU(C) we 
denote Ea,i u — Ea,u>- 

9.4.1 Lemma. Lef ^4 fee a complex torus. Suppose I G U.a,q(R), I 2 = —1 and I has the form 
( 1" J 12 ) • ^ e following conditions are equivalent: 
21 1) I = I U for some to G ATSU(C) . 
2j /12 : V A — > V A is invertible. 

3) The restriction of bilinear form Qa,r{c-, •) on V A is non-degenerate. 

Proof. 1) => 2) This immediately follows from the formula (14) for I u in 8.4. 

2) 3) Let 2:1,2:2 G Vj. We have 

Qa,r{c{0,xi), (0,2:2)) = 2:2(^/12(2:1)). 
Thus, the restriction of Qa,r(c(-), ■) to is non-degenerate iff /12 is invertible. 
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2) =>■ 1) Let 7i2 is invertible. Since I 2 = — 1 and I G Ua,q(R) we have equalities 

I12 = 111, hi = I21, hi = —I22 
Put f2 = —Iy2 ano - Pi ~ h2l\2 ■ Take lo = ipi + iip2- It is easy to see that h = I. □ 

9.4.2 Lemma. Let A be a complex torus and let I G TLa^K.), I 2 = — 1. TTien I coincides with 
h for some lo G C A ( resp. C A ) and, consequently, A is an abelian variety iff the quadratic form 
Eaj is positive (resp. negative) definite. 

PROOF. => Suppose I = I u with w = ip\ + i(p 2 G -/VSU(C) . It is not hard to check that 
h = 9ipihip 2 9^l ! where g Vl — ?) ■ Therefore, we have an equality 

EajW = Qa,m(cA, A) = Qa,r(L V2 ^( a )>A ), 

where A' = g~^(X). 

Taking X' = (l,x) with I G Va and a; S Vj, we obtain 

-La, /(A) = Qa,r((-^ 1 (^a 2; )' < < 9 2(JaO) j (L^)) = <P2(JaI,1) - V^)) = ^(JaU) - x(J A if2 1 {x)). 

Denoting tp^ 1 ^) by m in the last expression, we get 

EajW = -<P2{m, J A m) + <p 2 (JaI, = ^{JAm, m) + ip 2 {J A l, 

This shows that the quadratic form Ea,.j is positive (resp. negative) definite on Aa, r iff the form 
^(Jyf, •) is positive (resp. negative) definite on Va, which is equivalent to w G C A (resp. w 6 C A ). 

<= Assume that the form Eaj is definite. Let I = ( ^ ) . If 7i 2 is degenerate , then there 
is O^iE Vjj such that L 2 (x) = 0. Hence 

Laj((0, a:)) = Qa,e((J a L 2 (x), J^/ 22 (a;)), (0, a:)) = Qa,r((0, a/), (0, a:)) = 

This contradicts the definitness of E A ,i- By Lemma 9.4.1, as I 12 is invertible, I = I w for some 
lo G A^S'a(C) . Then the previous argument shows that u> belongs to C A . Lemma is proved. □ 

9.4.3 Proposition. Let weak pairs (A,lo a ), (B,lob) be mirror symmetric. Suppose that the weak 
pair (A,u>a) is in fact an algebraic pair. Then (B,u>b) is an algebraic pair too. 

Proof. Since (A,u) A ) is an algebraic pair we have 10 a £ C A - Hence, by Lemma 9.4.2, the quadratic 
form Ea,u a (9.4) is definite. Since the weak pairs (A,w A ) and (B,lob) are mirror symmetric the 
quadratic forms Ea,u a and Eb,u b coincide under an identification a. Therefore, the quadratic 
form Eb,lu b i s definite. Lemma 9.4.2 implies that lob G Cb- Thus B is an abelian variety and the 
weak pair (B,lob) is an algebraic pair. □ 

9.4.4 Lemma. Let (A, uja) be an algebraic pair and B be a complex torus. Let a : r A ffi Lj — ► 
-Tb © r§ be an isomorphism which identifies the forms Qa and Qb and cur • I UA = J Bx g • cur. 
Then there exists ujb £ Cb (in particular B is an abelian variety) such that cur • J AxA = ' a R- 
That is a establishes the mirror symmetry of algebraic pairs (A,loa), {B,lob). 

Proof. Since (A, uja) is an algebraic pair the form Ea,u a on V A ®V^ is definite (9.4.2). Identify 
the spaces V A ffi V A and V B ffi Vg with the forms Qa,r and Qb,r by means of or. Thus 

I := J AxA G Hdg A , q (R) 

and 

h A =J Bx g£ Hdg BM (R). 
Since the Q -closures of J AxA an d h> A commute (5.2,4)) we find that / G Ub j q(R) (5.2,4)). 
Thus we may apply Lemma 9.4.2 to I and B. Note that «k identifies the quadratic forms Ea.u a 
and Ebj- Since the first one is definite it follows from Lemma 9.4.2 that / = I u for some lo = lo b G 
Cb- This proves the lemma. □ 

9.4.5 Lemma. Let A = T ffi T* be a lattice with canonical symmetric bilinear form Q (3.1). Let 
there be given an isotropic decomposition A = A\ © A 2 . Suppose I G GL(tIr) is a complex structure 
on Ar, i.e. L 2 = — 1, that satisfies the following assumptions 

a) I{A iM ) = -4»,r, i = l,2 

b) Ieb(A R ,Q R ) 
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Then the complex tori 

Bi := {A^/Auh), B 2 := {A 2M /A 2 ,L 2 ), 

where h are the restriction of I on A^-r, are dual to each other, i.e. B 2 = B\. 

PROOF. The form Q induces the isomorphism t : A 2 — ► A* that takes A2 G A 2 to linear functional 
Q{\ 2l ■)■ It remains to show that for any v\ G -Ai.r, v 2 G ^2,r the following equality holds 

t(/ 2 («2))(«l)=t(« 2 )(-/l(«l)) 

(3.1). This is straightforward using the inclusion J G 0(/1r, Qr). 

t(I 2 (v 2 ))(vi) = Qr(I 2 (v 2 ),vi) = Q R (I 2 (v 2 ),h(vi)) = Qr(-V2, h(vi)) = t(v2)(-h(vi)). 
Lemma is proved. □ 

9.4.6 Summary. Let (A,u>a) be an algebraic pair. The last two lemmas give us a "method" for 
construction of a mirror symmetric pair. Namely, put A = T A ®r^. It suffices to find a Qa -isotropic 
decomposition A = A\ ffi A2 such that /Iir, Ausl are preserved by 7 WA . Then by Lemma 9.4.5 the 
tori B:=(Am/Ai,I UA ) and B := (A2R./A2, I UA ) are dual. Moreover, the natural identification 

a = id : r A © r% ^ r B © r s 

( r B = A\, 7g = A2 ) identifies the forms Qa and Qb- Thus by Lemma 9.4.4 there exists 
ujb G Cb such that the pairs (A,oja), (B,ujb) are mirror symmetric. 

9.5. It is not true that for every pair (A,ua) there exists a mirror symmetric pair (B,u>b)- The 
problem may occur if the group Ua,q is too big and lua G Ca is chosen too general. 

9.5.1 Counterexample. Let E be an elliptic curve with complex multiplication. We have eo = 
l,d = 1 (1.8) and Ue x ,e,q(R) = U(2,2) (5.3.2). Therefore this group acts irreducibly on V ExE © 
V E ~ B - Assume that for all ui G Cexe there exists a mirror symmetric pair (B,uj'), i.e. there exists 
a as in 9.2 with the corresponding properties. Let us use a to identify 

r ExE ® r Ex~E = F B ® F B- 

The Hodge group Hdgsfy is the Q -closure of the compact torus ^(S 1 ) C Aut(V B ffi Vg). For 
a general to this Q -closure is the group SU(2, 2) C Uexe,q(^L)- But the group HdgB,q{^-) acts 
faithfully on V B ffi Vg and preserves each summand. This is a contradiction. 

9.6. However, each torus A with a nonempty NS A has an 10 a G TVS^C) such that the pair 
(A, to a) has a mirror symmetric pair. In particular for every abelian variety A there exists loa G 
NS A (C)° (even lu a e C A ) such that the pair (A,u>a) has a mirror symmetric one. This follows 
from the next proposition. 

9.6.1 Proposition. Let A be a complex torus of dimension n. Let ip G NS A , i.e. G Hom(A, A) 
is an isogeny. Let r = a + ib G C, 6^0. Consider the element lua '■= Tip G NSa^) and the weak 
pair (A, lua)- Then there exist isogeneous elliptic curves Ei,...,E n and an element loe G NSe^C) , 
where E = E\ x ... x E n , such that the weak pair {E,loe) is mirror symmetric to the weak pair 
(A,lu a ). 

Proof. There exists a basis ei, e n , e_i, e_„ of Ta in which the bilinear form ip has a matrix 

<5i 

where A=( ... ) , ^ e Z, 5i|$ 2 |<*3- 
<5, 



A 
-A 



Let el, ...e* , e*_ 1 , e* „ be the dual basis of T^. Then the map tp : Ta — > T^ is 

<p : e» h-> 5 l e*_ i , e_; i-> -^e*. 

Put 

li := Ze, ffiZe^, r* := Ze_; ffi Ze* , i = l,...,n. 
Clearly the subgroups 4i := ffii^, 4 2 := ffi-T* are isotropic. We have 

b- l a -6"V _1 
(b + ab~ 1 a)<p —ab^ 1 
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This operator preserves each subspace T* R . In particular it preserves Aj_^, A 2 ^. Thus by 

Lemma 9.4.5 the tori {A\^/A\, I WA ), (^2,m/^2, Iu a ) are dual. Moreover, it is clear that the torus 
(/li :R /yli,4^) is a product of elliptic curves E l := (r^/Ti, i = l,...,n. 

For each i the map 

A — > r i7 ei i-> a, e*_ x i-> (5f Jjelj 
commutes with and so is an isogeny of elliptic curves E\ and E^. 

If the weak pair (A, u>a) were an algebraic pair, then by Lemma 9.4.4 there would exist an element 
£ C'e such that the pairs (A, uja) and (E,uje) are mirror symmetric. Thus we are done in the 
algebraic case. In general there may not exist the desired <E NSe(C)°, so it may be necessary to 
choose a different decomposition A = A\ © A 2 . 

By Lemma 9.4.1 in order for uje to exist the symmetric bilinear form Qr(Iiu a J AxA ~{'), •) must 
be nondegenerate on A 2t R- This is equivalent to the statement that J AxA A 2 ,r Pi A 2 ^ = 0. Put 
W := ©Re_j. Then since J AxA preserves the form Q R the last equality is equivalent to 

J AxA wnw = o. (*) 

We are free to apply elements of the symplectic group Sp(.Ta , ip ; Z) to the sublattice ©Ze_i to achieve 
the transversality condition (*) above. Since this discrete group is Zariski dense in the corresponding 
group of R -points Sp(Va,<^;R) and since Sp(Va, <p; R) acts transitively on the collection of maximal 
tp -isotropic subspaces of Va it suffices to prove the following lemma 

9.6.2 Lemma. Let V = M. 2n be a real vector space with a nondegenerate symplectic form ip. Let 
J G End(y) be a complex structure on V, which preserves ip. Then there exists a maximal ip - 
isotropic subspace W C V such that 

jwnw = o. 

Proof. Note that the form (p(J-, ■) on V is symmetric and nondegenerate. 

We will choose elements xi,...,x n G V such that W := (&M.Xi has the desired properties by 
induction on i. Choose x\ such that (p(Jxi,x\) ^ 0. Let V =< x\,Jx\ > ©V be a ip - 
orthogonal decomposition. Note that V is J -invariant. Hence we may replace V by V and 
choose x 2 G V s.t. (p(Jx 2 ,x 2 ) ^ 0. And so on. Cleary the resulting space W — QMxi is maximal 
ip -isotropic and JW PI W = 0. This proves the lemma and the Proposition 9.6.1. □ 

9.6.3 Corollary. Let A be an abelian variety with NS(A) = Z. Then Ca — NSa^) and for any 
uja^Ca the algebraic pair (A, uja) has a mirror symmetric one (E 7 uje) which is like in Proposition 
9.6.1 above. 

Proof. The first assertion is obvious. The second is a direct consequence of Proposition 9.6.1. □ 



10. The G construction and its application to mirror symmetry. 

10.1. Let A be an abelian variety. The ring R = End(^l) is finite over Z such that D := 
End (A) = B,(£>zQ is semisimple with a positive definite anti- involution * : D — > D op . The lattice 
r = Hi(A,Z) carries a natural structure of a faithful left R -module. 

For a given D with an anti-involution * the construction by Gerritzen [5] gives an abelian variety 
X with End°(X) = D. Furthermore, it was proved in [22] that any finite dimensional algebra over 
Q can be realized as End°(T) for some complex torus T. 

Now we are going to describe these constructions with some corrections and modifications related to 
the specifics of our situation being that we work with R and not with D. 

10.1.1. Let R be an order in Q -algebra D of finite dimension over Q, i.e. D — R(g>zQ. Denote 
by r a left R -module that satisfies the following conditions: 

1. r is a lattice of even dimension, i.e. T = Z 2 " as abelian group. 

2. T is a faithful module, i.e. the homomorphism R — > Endz(-T) is an embedding. 
(15) 3. The order 0(T) := { a G D \ a{T) cf} coincides with R. 

4. r is a direct sum of i?-modules T\ and T 2 such that there exists an isomorphism 
e : Mi ^ M 2 of D-modules M t = T; ® z Q, (i = 1, 2). 
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Let us fix an isomorphism e and, henceforth, we will often identify D -modules Mi and M 2 with 
respect to e and will use notation M. 

Denote by C the algebra Endc(M). The algebras D and C are two subalgebras of Endq(M) = 
M(n, Q). Moreover C is a centralizer of D in M(n, Q). On the other side, it is true that the 
centralizer of C contains D but docs not necessarily coincide with D. 

Let J be an element of M(2, C ® R) = (End^M 02 ) ®q R such that J 2 = —Id. Any such J 
defines a complex structure on the real space Ir = (Mi ©M 2 )r and, as consequence, defines a complex 
torus 

(16) Aj ■= (r K /r, J). 

10.1.2 Lemma. For any complex torus Aj, defined above, the endomorphism ring End(ylj) con- 
tains R as subring. 

Proof. It is clear, because End(Aj) coincides with maximal subring of Endz(F) that commutes 
with J. And each r G R C D commutes with any element from M(2, C (£> R). □ 

10.1.3. The set of operators J G M(2, C <g> R) with J 2 = —Id is not empty. Actually, any element 
q = qi + iq 2 G C ®q C with nondegenerate q 2 defines the operator 

J{<I) = L + 2 J 2 - V -ilk 1 ) = (ft l) (ft ) (-ft 1, 
It is easy to check that J(q) 2 = —Id. 

10.1.4 Proposition. Suppose that the centralizer of C in M(n,Q) coincides with D. Then there 
exists q G C ® C smc/i t/iat End(Aj( g )) = i?. 

t 

Proof. Let {ei = 1, e t } be a basis of Q -vector space C. Set q\ = and q 2 = r i e i' where 

i=i 

n g R. 

Let us describe the algebra End°(Ajv g )). It consists of elements of EndQ(M® 2 ) that commute 
with J. Each such element is a 2x2 matrix that satisfies the condition 

?2~ 1N \ ( a b \ (° _ 22~ 1N \ = ^ ld, ?2 -q 2 1 cq- 1 \ = fa b 
-q 2 J \c d) \q 2 J \-q 2 bq 2 q 2 aq 2 ~ 1 J \c d 

This implies that c = —q 2 bq 2 and (72a = dq 2 . 

Let us take q 2 such that (ri,...,r t ) are algebraic independent over Q. For such g 2 we obtain 
c = = 6 and ae^ = for all i. As ei = 1 we have a = d and a commutes with any element 
of C. It follows that a belongs to centralizer of C which coincides with D. Thus for general q 2 
the algebra End°(A(g)) is isomorphic to D. 

Now, the algebra End(Aj^) is an order in End°(Aj( g )) = D that takes the lattice r to itself. 
By condition 3) of (15) it coincides with R. □ 

10.1.5 Remark. Note that if r t = R as left R -modules for i = 1, 2 then the lattice r = T 1 ®r 2 
satisfies the condition (15). In this case C = D op and, in addition, the centralizer of C coincides 
with D. This way by Proposition 10.1.4 for any R there exists a complex torus with R as the 
endomorphism ring. 

10.2. Let r be & lattice as in (15). Suppose that, in addition, r satisfies the following extra 
condition: 

5. There is a rational symmetric form j:MxM^Q such that the algebra D 

(18) is invariant with respect to an anti-involution ~ on EndQ(M), defined by the rule 
a = g~ 1 a t g. 

Consider a rational skew-symmetric form s on Zq given as 

(19) s((rai,m 2 ), (ni,n 2 )) = g{m 2 ,e{n\)) - g{e{m- l ),n 2 ) 

Both subspaces Mi = Ji ® Q and M 2 = F 2 ® Q are isotropic with respect to s. Since C is a 
centralizer of D in EndQ(M) it is invariant with respect to ~ too. Denote by S(D) and S(C) 
the subspaces of symmetric elements a = a of D and C respectively. 

Take an element q = q\ + iq 2 G S(C) ® C with nondegenerate q 2 and consider the complex 
structure J(q) defined by the formula (17). Since q is symmetric element a computation shows that 
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the form sr is J{q) -invariant. A some multiple of s is integral. Hence it determines a line bundle 
on the complex torus Aj^ = (Tr// 1 , J{q))- Further, any element d G S(D) defines the rational form 

s({dm\,dm 2 ), (ni,n 2 )) 

that is skew-symmetric. This correspondence gives the embedding i s : S(D) NSa(Q>)- 

10.2.1 Definition. We say that a weak pair (Aj^,oj) is obtained by G -construction if the complex 
torus Aj( q ) is (-Tr/-T, J(q)), where T satisfies contions (15) and (18), q G S(C) ® C, and the 
form oj belongs to i s (S(D))®C 

Now we show that under some assumption we can guarantee the existence of such a form s and 
moreover the complex torus A would be an abelian variety. 

10.2.2 Lemma. Let the algebra D be semi-simple with a positive definite anti-involution * : D — > 
D op . Then for any D -module M there exists a positive definite symmetric form g : M x M — ► Q 
such that the anti-involution ~ on EndQ(M), defined by the rule a = g~ 1 a t g, under the restriction 
on D coincides with *. 

PROOF. Actually, since D is semi-simple each module is projective. Hence M can be considered 
as submodulc of left free module D® k for some natural number k. Let us define a bilinear form 
u : D® k x D ek — > Q by formula: 

k 

u(x,y) := \ Tr ( x *Vi) + Tr (v* x i)} where x = (zi, x k ), y = (j/i, -,yk) G D® k 

i=l 

The bilinear form u is symmetric and positive definite. Denote by g the restriction of u on M. 
It is a positive definite symmetric bilinear form on M. For any endomorphism a G EndQ(M) there 
exists an adjoint with respect to g endomorphism a given by rule 

g(m,a(n)) = g(a(m),n), i.e. a = g~ 1 a t g 

It is clear that ~ is anti-involution on Fjndq(W) and d = d* for any d E D. □ 

10.2.3 Proposition. Let a lattice r be as in (15) and the algebra D be a semi-simple with a 
positive definite anti-involution *. Then there exists a neighbourhood W C S(C) ® C of the point i 
such that for any q e W the complex torus Ajt q ^ is an abelian variety. 

If, in addition, the algebra C is symmetrically generated (i.e. is generated by the subspace S(C) ). 
Then there exists q G W such that End(Aj( 9 )) = R. 

Proof. By Lemma 10.2.2 there is a positive definite symmetric form g on M. Consider the skew- 
symmetric form s defined as in (19). The form sr on M^ 2 is invariant under the action of J(q), 
and, consequently, a some multiple of s gives a line bundle on Aj^ . If this line bundle is ample, 
then Aj( q ) is an abelian variety. The ampleness is equivalent to positive definiteness of the symmetric 
form sr( J (q) (■),■). For q\ = and q% = 1 we have 

s R {J(q)(m 1 ,m 2 ), (m,n 2 )) = s R ((-m 2 ,m 1 ), (ni,n 2 )> = ff(mi,m) + g{m 2 ,n 2 ) 

Hence the positive definiteness of g implies the positive definiteness of the form s R ( J(q)(-), ■) for 
q = i and, consequently, for any q from some neighbourhood W of j. 

Further, since D is a semi-simple algebra the cenralizer of C coincides with D. By assumption 
C is generated by S(C) and , consequently, D is the centralizer of S(C). Now the existence of q 
for which EndAj^ = R is proved the same way as in Proposition 10.1.4. □ 

10.2.4 Remark. Note that if the endomorphism ring EndAj^ coincides with R then the embed- 
ding i s : S(D) NSa,(Q) is an isomorphism. 

10.3. Now we are going to give an alternative description of weak pairs which are obtained by the 
G-construction. 

10.3.1 Definition. We say that a weak pair (A,w) is well-becoming, if there is a decomposition 
T = Hi(A,Z) = Ti © r 2 such that the following conditions hold: 

(1) The subspaces rkw(k — 1,2) are isotropic with respect to u> = ipi +iip 2 , i.e. u> |r fcH = 0. 

(2) Maps J 2 i : Am — * Am and J 12 : T 2R — > Tm, which are the components of the complex 
structure J = ( J J^ J j£ ) on A, are invertible. 
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10.3.2 Remark. The second condition of the previous definition is equivalent to saying that the 
restrictions of holomorphic n -form to the tori Am/A are non-zero. Moreover, these tori are special 
Lagragian submanifolds of A. 

The following technical results are needed in the sequel. 

10.3.3 Definition. Let M be a vector space over Q and let r\,...,Tk be elements of real space 
Mr. The minimal vector subspace W C M sucht that n, . . . , Tk G Wr is called Q -envelope of the 
set {n,...,r k }. 

10.3.4 Lemma. Let (A,lu) be a weak pair. Suppose there is a decomposition T = Hi(A, Z) = A ©A 
such that the subspaces Am ar & w -isotropic and the map J\2 : Ar — > Am is invertible. Then the 
pair (A, w) is well-becoming. 

Proof. Consider the subspace U G HoniQ(AQ, Aq) consisting of such maps that satisfy the condition 
s'(l, e(m)} = s'{m, e(l)) with l,m G Aq for any s' G NSa <8> Q- One can see that J± 2 belongs to 
Ur. Hence, there is invertible e G U. Fix one such e. 

Take a sublatticc A' = (lii Nei^fi)) f° r sufficient large N, where 71 € A- Consider the decom- 
position r = r[ @ A- It easy to check that A'r is isotropic with respect to u>. In addition, maps 
J21 : A'r — * ^2R and J' 12 : Ar — > A'r wm be invertible. Hence the pair {Ajt q \ , u) is well-becoming. 
□ 

10.3.5 Proposition. TTie weak pair (A, u) is well-becoming if and only if it can be obtained by the 
G- construction. 

Proof. <= Suppose that a weak pair (Aj^^uj) is obtained by the G-construction. The lattice 
Hi (A , Z) = r = A © A satisfies the conditions (15). Moreover, there is a skew-symmetric form 
s with isotropic sublattices for i = 1, 2. This implcs that Aq are isotropic with respect to any 
element from i s (S(D)). As w belongs to i s (S(Dj) <g> C, the real spaces Ar are isotropic with 
respect to uo. Further, it follows from the formula (17) for J(q) that the map J21 is invertible. 
Hence, by Lemma 10.3.4 the pair {Aj^.uo) is well-becoming. 

=> Set u = tpi + if 2- Denote by W the Q -envelope of {ipi,ip 2 }. Let D C End(A) be 
a Q -algebra that is generated by all elements of the form s 2 _1 si with si,S2 G W. Any element 
s 2 _1 si sends the space Aq to itself, because Aq are maximal isotropic with respect to any non- 
degenerate S2 G W. Therefore the rational spaces Aq are modules over D. Take some integral 
element s G Wf]NS^. Define an anti-involution ~ on D by rule d = s~ 1 d t s. It is clear that 
an element .s~V belongs to the subspace of symmetric elements S(D) for any s' . As in previous 
lemma let us consider the subspace U G HoiriQ(AQ, Aq) consisting of such maps that satisfy the 
condition s'(l,e(m)) = s'{l,e{m)) with l,m G Aq for any s' G NSa ® Q- Since J^ 1 belongs 
to C/r, there is an invertible e G U. It follows from definition of D that e gives an isomorphism 
between D -modules Aq and Aq- 

Let R be a maximal order in D that takes T to itself. It follows from above that T = A © A 
satisfies the conditions (15). By construction, A and A are isotropic by means of s. Identifying 
Aq and Aq with respect to e, we can consider J a as element of M(2,C(g>R), where C is a 
centralizer of D. In addition, J a preserves the form s. Let it has a form ( J j* ) with respect 
to decomposition r = A © A- As in the proof of Lemma 9.4.1, we have 

J21 = J21, J12 = J12, J11 = —J22- 

Put q 2 = —e~ l J\2 an d <7i = e ~ 1 ^22«/i 2 1 - It is easy to see that q = q\ + iq2 belongs to S(C) <S> C 
and J a = J(q), where J{q) is defined by the formula (17). 

Finally, any lu' £ W c belongs to i s (S(D)) <g) C C NS A (C) because W C i s (S(D)). Thus {A,u') 
is obtained by G-consruction. Proposition is proved. □ 

We claim that any well-becoming pair has a mirror symmetric pair. First, let us give a construction. 

10.4. Construction. Let (Aj,uj) be a well-becoming pair. As above by A denote Hi(AjxAj,Z). 
There is a decomposition 

A = r e A = a © A © A* © A*- 

The form uo defines an element 1^ e SOq(Q,R) by formula (14), where Q is canonical symmetric 
bilinear form on A as in (3.1). By definition the subspaces A,r are isotropic with respect to a u. 
This implies that (A*©A)r and (A ©A)* are the A -invariant subspaces. By / and V denote 
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the restriction of the linear operator A on the subspaces (A*©A)r and (A©A?)k respectively. 
Denote the sublattice (A* ffi A) by S. Define a complex torus Bi by the rule Bj = (Ar/A A 

10.4.1 Theorem. Any well-becoming pair (Aj,lo) has a mirror symmetric pair (B I} 9), where the 
complex torus Bj is constructed above. Moreover, the pair (Bi,9) is well-becoming too. 

PROOF. First, take S* — A © T 2 and consider the complex torus 

By Lemma 9.4.5, the torus Cj* is isomorphic to Bj. Therefore, there is a canonical identification of 
lattices Hi(Bj x Bj, Z) and A. Moreover, by construction, the element J Bx § coincides with A- 
Hence, to define mirror symmetric pair we have to find 9 G ASA(C) such that Ie = J A xA- 

Denote by ("5) a matrix of J Ax a with respect to the decomposition A = S ffi S* . Since 

J a = ( jll j\l ) thc ma P P sends (a, 6) G 27J = (A ffi A*)r to (-J 2 *i(&), J 2 i(a)) G Ar — (A ©A* W 
As J 2 i is invertible is invertible too. Hence, by Lemma 9.4.1, there is 9 = -01 + iip2 € iVSA(C) 
such that = AxA- Thus, there is a mirror symmetric pair (Bj, 9). 

Further, since tp 2 = — P^ 1 and A = <5/3 _1 we have that V'fc(AR) = Am and V*(A*r) = ^2*r> 
for /c = f,2. Hence the subspaces Ar,A*r are isotropic with respect to 9. In addition, the map 
I21 '■ r* R — > Ar coincides with the restriction on Am of the map — ^ • Hence A is invertible 
and the pair (Ar, 6*) is well-becoming by Lemma 10. 1 1 . This completes the proof. □ 

10.4.2 Corollary. Let Aj^ q ) = (A/ A J(q)) be a complex torus obtained by G -constriction with 
R = EndAj( 9 ). Then for any u = ip\+iip2 G NSaj^^C) with non-degenerate ip2 the pair (Aj^,co) 
has a mirror symmetric pair. 

PROOF. Since EndAj^ = R the map i s : S(D) — > NSa jm (Q) is an isomorphism. Hence, 
by Lemma 10.3.5, any weak pair (Aj( q ^,Lo) is well-becoming. By Theorem 10.4.1, it has a mirror 
symmetric pair (Bi,9). □ 

10.4.3 Corollary. For any abelian variety A there exists an element lo G Ca such that the pair 
(A, lo) has a mirror symmetric pair. 

Proof. By Theorem 10.4.1, it is sufficient to show that there is lo such that the pair (A, lo) is 
well-becoming. Since A is an abelian variety there is a non-degenerate skew-symmetric form s on 
r = Hi(A,Z) such that the form s(J(-), •) is positive definite. There exists isotropic with respect to 
s decomposition I n = AffiA- Since the form s(J(-), •) is positive definite the linear maps J12 and 
J21 are invertible. Thus, the pair (A,lo) with lo = cs is well-becoming for any c G C*. Therefore, 
it has a mirror symmetric pair. □ 

Notice that this corollary is a particular case of (9.6.1). 

10.5 Theorem. Let A be an abelian variety of dimension n and lo = ipi + iif2 G Ca- Let 
W C NSa{Q) be an Q -envelope of {ipi,ip2}- Suppose that algebraic pair (A, tto) has a mirror 
symmetric pair for any teM*. Then for any lo' G Ca f] Wc the pair (A,u') is well-becoming. 
Proof. As above, consider operators 



Ltu> '■— 



Lf 2 1 Lf 1 -t 1 Lf 2 1 

%2+¥>l¥>2~Vl) -V1V2 1 



that act on the real space Ar — (A ffi _T*)r. By assumption, any pair (A, tto) has a mirror symmetric 
one. Therefore there is a decomposition A — S u ffi S 2t f° r any iel* such that both S kt and are 
Q -isotropic and Afcflft are I tlx] -invariant ( k = 1,2 ). Since the set of all sublattices in a lattice is 
countable there is a decomposition A = A ffi S 2 such that Ar are L tuJ -invariant for infinite set of 
t. Hence these subspaces are invariant with respect to the operators 

It follows from Lemmas 9.4.1 and 9.4.2 that the map ?/> = <^2 ©Vi 1 ^ 1 ^! from A to A is invertible. 

Denote by n and S the projections of sublattice A on T and T* respectively. It is clear 
that A C n ffi 5. Since A is invariant under the action of 71 and 73 we have 7173 (Ar) C 
Ar- One can see that 7i73(Ar) = (^^(Hr), 0) This imples that iptf? 1 (Tl^) C IIr. As tp is 
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invertible, we have that ^ 2 1 (Hr) = Hr and (IIr, 0) C Sm- By the same argument, (0, Sr) C Em- 
Hence Em — IIr © Sr and, consequently, E\ is a sublattice of finite index in II © S. But, as the 
sublattice E\ is a direct summand of A it coincides with II © S. Moreover, it is easy to see that 
dimll = dimS = n, because there are inclusions V(Br) C Sr and <^ _1 (Sr) C IIr which are actually 
equalities. 

Futher, take x,y gUr. There is ! E 5r such that x = tp^ 1 ^). Since E\ is isotropic with respect 
to the form Q we obtain that (p 2 (x,y) = l(y) = 0. Similarly, we have ipi(x,y) — ipnp 2 (l)(y) = 0. 
Hence Hr is isotropic with respect to ip 2 and ipi. This yields that the lattice n is isotropic with 
respect to any element from W that is the Q -envelope of {ipi,ip 2 }. 

Now put A := n. Produce a sublattice A C r from E 2 in the same way as A from E\. It 
is clear that r = A © A- By construction, A and A are isotropic with respect to any element 
of W. Let s G Wf] Ca be a form that corresponding to an ample line bundle on A. Hence the 
operator J A preserves sr and the symmetric form s(J(-), •) is positive definite. It can be checked 
as in Lemma 9.4.2 that J\ 2 ,J 2 \ are invertible. Thus (A, u>') is well-becoming. □ 

10.6. Let (A,u) and (B,6) be two mirror symmetric well-becoming pairs, as in Theorem 10.4.1. 
Then H\(A, Z) = T = A A and H^B, Z) = E = A* © A- According to (3.7), both cohomology 
lattices H*(A,Z) and H*(B,Z) carry the structure of Cl(A, Q) -modules. 

Recall that by Proposition 9.3.3 there exists a unique (up to ±1 ) isomorphism of Cl(A, Q) -modules 
(3 : H*(A, Z) H*(B, Z). It is clear that any such isomorphism can be represented as 

(20) «€(•)= P2.(£Up;(0) 

for some class £ e H*(A x B,Z). 

We want to show that this class £ is in fact the Chern character of some complex line bundle on 
a real subtorus of the product Ax B. As we shall see, this torus is of real dimension 3n, where 
n = dime A = dime B. 

10.6.1. Let us fix bases (h,...,l n ) 01 A and (l n +i, ■ ■ ■ , hn) of F 2 . Let the dual bases of A* 
and r 2 be (x\, . . . , i n ) and {x n+ \, . . . , rz^n), respectively. 

Let, as in (3.2), A and A be the following left ideals of C7(yl, Q) : 

I a = Cl(A, Q)-h--- hn, Ib = Cl(A, Q) ■ l n+1 ■ ■ ■ l 2n xi ■ ■ ■ x n . 

Since iA(AZ) = r* , we identify H*(A,Z) with the ideal I A as Cl(A, Q) -modules by the 
following rule: x il U ■ ■ ■ U x ik G H k (A, Z) goes to x tl ■ ■ ■ x ik ■ l\ ■ ■ ■ l 2n £ A- In the same manner, 
since H 1 (B, Z) = Z 1 * = A © A*> we identify H*(B,Z) with the ideal A as C/(7l, Q) -modules. 

Both I a and A are isomorphic irreducible CI (yl, Q) -modules. Therefore, there is a unique (up 
to ±1 ) isomorphism between them. It is given by the right multiplication A • x\ ■ ■ ■ x n = Ib- 

All the above gives us a formula for cohomology map (3 in terms of the bases chosen above: 

(21) x s Ux R ^ (-l) e x R \Jls, 
with 

(22) e=lS \.\R\+J2(i-l), 

Here S c {1, . . . , n}, R C {n + 1, . . . , 2n}, S is the complement subset, and xs = x^ U • • • U x^ s . , 
where i\ < i 2 < ■ ■ ■ < i\s\ are the elements of S, etc. 

10.7. Now that we have an explicit formula for the map (3 in the chosen bases, our next step is to 
compute the class £ € H*(A x B,Z), that represents (3 in the form (20). In fact, we will define 
a real subtorus in A x B with a complex line bundle on it, and then show that the direct image of 
the Chern character of this line bundle is the desired £. First, take this real torus to be T := Hr/H, 
where n = A © A © A* ■ Clearly, since n is a sublattice of A one can consider T as a subtorus 
both of A x A and B x B, because the first homology lattices of these two are identified with A. 

10.7.1 Lemma. The restrictions Pa \t cind P^ 1 \t are isomorphic as complex line bundles on T. 

Proof. It follows from the well-known fact that the complex line bundle is determined by its first 
Chern class (see for example [10] or [11]). Using Lemma 4.2.3.1, it is easy to check that the first Chern 
classes of these complex line bundles coincide. □ 
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10.7.2. Put L := Pa\ t ■ Lemma 4.2.3.1 gives us the formula for c\{Pa)- So we have 

n 

Ci(L) = U U, 

i=l 

where x t and k are elements of H 1 (T, Z) = IP = J? © T 2 * © A. 

Note that T has projections onto A and £> and thus is naturally embedded into the product 
j :T ^ AxB. 

10.7.3. Let now r be a class in H n (A x B,Z) such that if we evaluate the formula (20) on the 
class t, the resulting transformation sends the monomials of the form x R U x n U • • • U x\ € H* (A, Z) 
to xr e H*(B,Z), and any other monomials to zero (here R C {n + l,...,2n}). The class r 
corresponds to the homology class [T] in H 3n (AxB,Z) under Poincare isomorphism and suitable 
choice of an orientation on T. 

Any class in H*(T, Z) is the restriction of a class from H*(Ax B,Z). In particular, Ci(L) is the 
restriction of the class D e H 2 (A xB,Z) given by the following formula: 

n 

D = ^pJ(a; i )Up^« i ). 
»=i 

Therefore, one has 

j*(ch(L)) = (exp(£>)) = r U exp(D), 

where j* is map from H*(T,Z) to H* +n (A x B,Z) that is obtained from evident homology map 
H*(T, Z) — > i?*(A x £?, Z) under Poincare isomorphism. 

10.8 Proposition. The map (3 coincides with the map given by the formula (20) with £ = 

i,(cMi ( - 1)(n_1) ). 

PROOF. Let 5 and R be index subsets of {!,..., n} and {n + 1, . . . , 2n}, respectively. Take a 
monomial xs U x# in the cohomologies of A. We already know the image of this element under [3 
(see (21)). Now we are going to compute its image under the map given by v^. 

(23) v^xsUxr) =p 2 *(TUcM(-~L) n ~ 1 D)Up* 2 (x s Ux R )). 

Computing the Chern character exp((— l) n ~ 1 D) analogously to Lemma 4.2.3.2, we see that 

exp((-l)"- 1 J D) = J2 (-l) (n - 1)M P*i(Qx) Up5(/ ) 

QC{1,- ,«} 

where qx is a product a;, |Q| U • • • Ux^ by set Q = {ii, ■ ■ ■ ,i\Q\} in the descending order. Therefore, 
the entire expression on the right-hand side of (23) rewrites as 

v^xsUxr) = (-ly^-Vm p 2 4TUp* 1 {x s )Up* 1 (x R )Up* 1 (gx)Up* 2 (lg)) = 

(-1)(^)\S\+\S\\R\ ^ u p * {xR UxsU _ x)) u p * {l _ }) = 
(n-l)|S| + |S||R|+E("-0 , , , 1( 

(-1) ies ft,(i"Uri(x K Ux n U---Uxi)U^(%)) = 

(„-l)(|S| + |S|)+|S||K|+E(i-l) 

(-1) ies p2*( 1 "U^(x K Ux„U---Uxi))U% = 

(_ 1 )(n-l)n+e Xr[ jI_ = 

(-iy XR uis 

in H*(B,Z) and e was defined by formula (22). Thus, the maps and (3 coincide. □ 

APPENDIX (the proof of Theorem 8.2). 

A.l Theorem. Let A be an abelian variety. 

a) The action of \Ja,q(M) on Ca is well defined 

b) C\ and are single orbits under this action. 

c) The stabilizer of a point in Ca is a maximal compact subgroup of U^, 
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Proof. Let us prove the assertion about C\. The case of C7 is similar. It will be more convenient 
to work with a different open subset of NSa(C). Namely, recall that every element z G iVS^R) 
defines the corresponding Rosati involution on End(v4) <S> R : 

a a' := z~ Y az. 

Put NS A (R) + := {z G NS A (R) I Va G End(A) ® R Tr(aa') > 0}. That is 7VS A (R)+ is an open 
subset of NSa (R) which consists of elements z that define a positive Rosati involution. 

A. 2 Lemma. The ample cone C a A is a connected component of NSa(R-) + - Hence C\ is a connected 
component of NS A (R) + iNS A (JSL) + - 

Proof. We know [Muml] that an ample class z G NSa belongs to 7V5 A (R)+. Hence C a A C NS\. 
Every z G NSa(R) defines a symmetric bilinear form b z on Va as follows 

b z (x,y) := z(J A x)(y). 

By the Lefschetz theorem ([Muml]) a class z G NSa is ample iff b z is positive definite. Thus we 
obtain another characterization of the ample cone 

C a A ={z£ NSa(R) I b z is positive definite}. 

It follows that for z G dC A the form b z is degenerate, i.e. the map z has nontrivial kernel. Thus 
dC A C dNS A (M) + . Therefore, C% is a connected component of NS A (WL) + . □ 

In the next few lemmas we study the U j 4.q(R) -action on the set NSa(R) + i-/VSU(R) + - 



A.3 Lemma. Let j = € U A ,< 



W G NSa 



iNS, 



Then the endomorphism 



(a + buj) G End(y^) is invertible, i.e. the element gu> G NS A (C) is well defined. 

Proof. Let w = rj + iz, r) G TVS^R), z G iVSU(R) + - The lemma follows from the following 
assertion: for every nonzero x G End(VA <8>r C) 

7m(Tr(z _1 x(c + SS)(a + 6w)x)) < 0. 

The assertion is proved by a straightforward calculation which we omit . 

A.4 Remark. Let uj = r\ + iz G NS A (Q. Then (_\ ?) G Ua,q(1) and (_^i)w 
all Ua,q(R) -orbits in NSa(C) are invariant under translation along NS A (M). 

A.5 Lemma. Let uj e NS A (R) + iNS A (R) + ■ Let K u be its stabilizer in LU,q(R) 
a maximal compact subgroup of Ua,q(R)- 

Proof. By the previous remark we may assume that uj = iz. Denote by ' the Rosati involution 
defined by z. We have 

b 



iz. Therefore 



Then K u is 



K„ = 

Consider a map 
Then 



a 
-zbz 



zaz 



■ Ua,q( 



6Uai 



Af(2,End(A)®] 



7roi9 = 

Extend the Rosati involution 




aza + bzbz 



given as d 



and d{K w ) 



1, z 1 az6 
fe N 



bzaz 



-/3 



fez 

- x dz 



a' a + p'j3 = Ld, 
a' (3 = 0'a 



to M(2, End(A)) ®K by the formula 

( a fj\' _ ( a' 7' \ 

and consider the symmetric bilinear form on M(2, End (A)) <g) R 



*(X,Y) =Tr(A"F), i.e. *( 



)=Tr( 



/3' 



) = Tr(a'a+-y'c+(3'b+5'd). 



This form is positive definite. 

Consider the action of the group M(2, End(A) ® R)* on M(2, End(A) ® R) by left multiplication. 
Let U(vE') C M(2, End(A) ® R)* be the subgroup which preserves the form We claim that 

«?(UA,Q(R))nU(*) = <?(X- w ). 
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Indeed, 

U(#) = {u £ M(2, End(A) M)* | tt'u = Id}. 

Thus («&) e i?(U a ,q(K)) n U(#) iff («'*',) = (^/~/')- This means that a = d, 6 = -c, 

o'a + 6'6=l, a'b = b'a, which in turn means that ( " J) € ^(K^). Thus ^ is compact. 

Notice that the adjoint operator for the left multiplication by m £ M(2,End(A) <£>R) with respect 
to * is the left multiplication by m'. The group #(Ua,q(R)) is self adjoint, i.e. t £ i?(Ua,q(K)) => 

f e t?(UA,Q(R)). Put 

= {.9 <= Ua,q(R) I ^(5) is positive self adjoint}. 
The lemma now follows from the following claim. 
A. 6 Claim. 

a) The multiplication map K u x — > Ua,q(R), swc/i iftai (&,p) >— > bp, *s a diffeomorphism 

b) K u is a maximal compact subgroup of Ua,q(R)- 

Indeed, since $(Ua,q(R)) is self-adjoint, a) follows from theorem 1 in sect. 2, ch.5 in [OV]. The 
assertion b) follows from problem 2 in sect. 2, ch.5 in [OV]. □ 

A.7 Lemma. The set NS A (R) + iNS A (R) + is Ua,q (R) -invariant. 

PROOF. Let w e NS A (M.) + iNS A (R)+, g G U a ,q(R). We need to show that gto £ iVSU(M) + 
iNS A (R) + . By Remark A. 4 above we may asssume that ui — iz, z £ NS A (R) + , and gu; = ip, pe 
NS A (R). Then we need to show that 

(i) p is invertiblc, 

(ii) the Rosati involution defined by p is positive definite (i.e. p £ NSa(R) + - ) 

Denote by ' the Rosati involution defined by z. Put p = zk for k £ End(A) (g> R. We have 
fc' = fc. Let A £ U j 4,q(R) be such that A(«z) = ip. Then A has the form 



A = 



a b 

-zkbz zkaz^ 1 



Under the map z9 : U^q(R) — > M(2, End(A) ® R), defined in the proof of Lemma A. 5, A goes to 

0(A) 



a (3 
—k(3 ka 

where 

1) aa'k + 0P 'k = Id and 2) - af3' + (3d = 
1) implies that fc is invertible , hence p is such. This proves (i). Let us prove (ii). Note that 

k \ (k \ 

Q £_iJeU A ,Q(R) and f ~_A ip = izk-\ 

Replacing izk by izk' 1 and applying the previous argument we find s,t £ End(A) ® R such 
that ss'k- 1 + tt'k- 1 = 1, -st' + ts' = 0, that is, 

3) k = ss' + tt', and 4) - st' + ts' = 

The Rosati involution defined by p is 

a 1 ► p _1 ap = k~ 1 a'k, a £ End(A) <g> R. 

We need to show that Tr(k~ 1 a'ka) > for all ^ a £ End(A) R. Or, equivalently, that the 
following quadratic form on M(2, End(A) ® R) is positive definite 

^(^^ fc °i)^'(o A£M(2,End(A)®R). 
Put y = and Z=(_ s 4 *). Then 

1),2) ^YY^^ and 3),4) <«► ZZ' = ([j °) . 
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Hence 

Tr< " 1 fc° x ) X ' (o fc) X ^ = Tr ( YY ' X ' ZZ ' X ) = Tr(Y'X'ZZ'XY) = Tr((Z' XY)' \Z' XY)) > 
This proves (ii) and the Lemma. 

A. 8 Lemma. The set NSaQ&) + iNSa(S-) + consists of finitely many Ua,q(R) -orbits. 

A. 9 Corollary. The Ua,q(R) -orbits in NSa(^) + iNSA^) + coincide with the connected compo- 
nents of this set. 

Proof of corollary. By the Corollary 5.3.5 the group Ua,q(R) is connected. Hence each LU,q(R) - 
orbit is contained in a connected component of NSaQ&) + iiV<SU(R) + . It follows from Lemma A. 5 
that all Ua^R) -orbits in iVS^R) + i-^VSU(R) + are isomorphic (all maximal compact subgroups in 
a reductive Lie group are conjugate). Then by Lemma A. 8 each U j 4 i q(R) -orbit is an open subset in 
iVS^QR) + iiVS^R)" 1 " , hence must coincide with a connected component of this set. This proves the 
corollary. 

A. 10 Remark. Theorem A.l now follows from A. 2, A. 3, A. 5 and A. 9. So it remains to prove Lemma 
A.7. 

Proof of Lemma A.l. By Remark A. 4 above it suffices to show that the set zAT5 J 4(R) + is contained 
in a finite number of Ua,q(R) -orbits. 

Fix z £ NSa(S-) + and let / be the corresponding Rosati involution. Let I £ Aut^(R) := 
(End(A) ® R)*. Then iz and izl'l are Ua,q(R) -conjugate. Indeed, 

( f) * Z = = * z ^' 

Consider the space End(A)<£>R with the positive definite symmetric form <fr(a,b) := Tr(ab') and the 
adjoint action of the group AutA(R) ■ ad s (a) := sas^ 1 . 

The adjoint with respect to <p of the operator ad s is ad s i. Hence the following are equivalent 

(i) ad s is self adjoint; 

(ii) s = s'c for some c in the center of Au^(R)- 
Let now izk £ iNS A (^.) + for some k £ Aut A (M.). 

A. 11 Claim. There exist I £ AutA^ty and c £ Z (Aut a{^)) such that c' = c,c 2 = l and k = Vic. 

Indeed, we have zk — zk, i.e. k' — k. Thus adk is self adjoint with respect to <p. The positivity 
of the Rosati involution defined by zk 

a i ► fc _1 a'fc 

is equivalent to the positivity of the self adjoint operator adk- Hence the operator adk has a square 
root (which is also positive self adjoint). But this square root is also in the image of the homomorphism 
ad (see ch. 5, sect 2, thm. 1 in [OV]). Thus there exists I £ AutA^-) such that adi = adi> and 
(adi) 2 — adk- We get I'lc = k for some c £ Z(AutA^))- Moreover, 

l'lc = k = k' = (I'lc)' = c'l'l. 

Thus d = c. 

It follows from the discussion of End(A) in section 1.8 that the / -invariant part of the center 
Z(End(A) ® R) is isomorphic to R x • • • x R. therefore, multiplying c by a positive real number r 
(and I by r -1 / 2 ) we may assume that c 2 = 1. This proves the claim. 

Note that there arc finitely many c £ Z(AutAQ&)) such that c 1 = c and c 2 = 1, say, c\, . . . , c m . 
Then by the argument in the beginning of the proof of the lemma i-/VSU(R) + is contained in the 
union of Ua,q(R) -orbits of izc\,izc2, ■ ■ ■ ,izc m . This proves Lemma A. 8 and completes the proof of 
Theorem A.l. 
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